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LOCALIZATION OF EQUIVARIANT COHOMOLOGY RINGS OF REAL
GRASSMANNIANS
CHEN HE
Abstract. We use localization method to understand the rational equivariant cohomology rings of real Grass-
mannians and oriented Grassmannians, then relate this to the Leray-Borel description which says the ring
generators are equivariant Pontryagin classes, Euler classes in even dimension, and one more new type of classes
in odd dimension, as stated by Casian and Kodama. We give additive basis in terms of equivariant charac-
teristic polynomials and equivariant Schubert/canonical classes. We also calculate Poincare´ series, equivariant
Littlewood-Richardson coefficients and equivariant characteristic numbers. Since all these Grassmannians with
torus actions are equivariantly formal, many results for equivariant cohomology have similar statements for
ordinary cohomology.
1. Introduction
The study of homology and cohomology of real and complex Grassmannian was initially based on Ehresmann’s
work [Eh37] in terms of Schubert cells. The relations between Schubert classes and characteristic classes were
given by Chern [Ch48] for real Grassmannians in Z/2 coefficients. Using the techniques of spectral sequences
of fibre bundles, Leray [Le46, Le49] and Borel [Bo53A, Bo53B] gave a unified way to describe the cohomology
rings of certain homogeneous spaces in terms of characteristic classes.
These pioneering work applies not only to ordinary cohomology but also to equivariant cohomology. For
compact connected Lie group G and its connected closed subgroup H of the same rank, the maximal torus T
acts from the left of the homogeneous space G/H with the Leray-Borel description of its equivariant cohomology
in Q coefficients:
H∗T (G/H) = St∗ ⊗(St∗)WG (St∗)WH
where St∗ is the symmetric algebra of the dual Lie algebra t∗, and WG,WH are the Weyl groups of G and H.
For example, if we consider complex flag varieties as quotients of unitary groups U(n), then the Weyl
groups are products of symmetric groups and the Weyl group invariants (St∗)WG , (St∗)WH consist of symmetric
polynomials in appropriate variables. In topological terminology, these invariants are polynomials of equivariant
Chern classes of canonical bundles, with relations from Whitney product formula.
Similarly, for even dimensional oriented Grassmannians viewed as quotients of SO(n), whose Weyl groups act
by permutations and sign changes on polynomials in appropriate variables, the Leray-Borel description means
theirs equivariant cohomology rings are generated by equivariant Pontryagin classes and equivariant Euler classes
of canonical bundles and complementary bundles, with relations from Whitney product formula and square of
Euler classes as top Pontryagin classes. Notice that oriented Grassmannians are natural 2-fold covers of real
Grassmannians, then we can identify the equivariant cohomology of real Grassmannians as Z/2-invariant of the
equivariant cohomology of oriented Grassmannians. Due to the lack of preferred orientations for subspaces in Rn,
there is no Euler class of canonical bundle or complementary bundle over real Grassmannians. These facts give
even dimensional real Grassmannians their Leray-Borel description of equivariant cohomology rings generated
by equivariant Pontryagin classes, with relations from Whitney product formula. This special case of Leray-
Borel description for real Grassmannians are stated in Casian&Kodama [CK]. For odd dimensional oriented
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Grassmannians SO(2n+2)/SO(2k+1)×SO(2n−2k+1) in which SO(2n+2) and SO(2k+1)×SO(2n−2k+1)
have different ranks of maximal tori, similar Leray-Borel description was obtained by Takeuchi [Ta62].
In this paper, we will use localization methods to understand the rational equivariant cohomology rings of
real and oriented Grassmannians and re-derive the Leray-Borel description. We will give additive basis both
in characteristic polynomials and in canonical classes, compute Poincare´ series and characteristic numbers, and
try to relate these results with Schubert calculus on real Grassmannians.
Alternatively, Sadykov [Sa17], Carlson [Carl] and He [HeB] have given short derivations of the Leray-Borel-
Takeuchi descriptions of the rational cohomology rings of real and oriented Grassmannians.
Acknowledgement This work was part of the author’s PhD thesis. The author would like to thank Victor
Guillemin and Jonathan Weitsman for guidance. The author would also like to thank Jeffrey Carlson for many
useful discussions and for the references of Leray and Takeuchi.
2. Torus actions, equivariant cohomology
In this section, we recall some basics of equivariant cohomology for torus actions.
2.1. Torus actions and isotropy weights at fixed points. Throughout the paper, a manifold M is always
assumed to be smooth, compact, but not necessarily oriented nor connected. Let torus T act on a manifoldM , we
will denote MT as the fixed-point set. For any point p in a connected component C of MT , there is the isotropy
representation of T on the tangent space TpM , which splits into weighted spaces TpM = V0⊕V[α1]⊕· · ·⊕V[αr]
where the non-zero distinct weights [α1], . . . , [αr] ∈ t∗Z/±1 are determined only up to signs (IfM has a T -invariant
stable almost complex structure, then those weights are determined without ambiguity of signs). Comparing
with the tangent-normal splitting TpM = TpC ⊕ NpC, we get that TpC = V0 and NpC = V[α1] ⊕ · · · ⊕ V[αr].
Since NpC = V[α1] ⊕ · · · ⊕ V[αr] is of even dimension, the dimensions of M and of the components of MT will
be of the same parity. If dimM is even, the smallest possible components of MT could be isolated points. If
dimM is odd, the smallest possible components of MT could be isolated circles. Moreover, since T acts on the
normal space NpC by rotation, this gives the normal space NpC an orientation.
For any subtorus K of T , we get two more actions automatically: the sub-action of K on M and the
residual action of T/K on MK .
2.2. Equivariant cohomology. Let torus T = (S1)n act on a manifold M . The T -equivariant cohomology of
M is defined using the Borel construction H∗T (M) = H
∗((ET×M)/T ), where ET = (S∞)n with BT = ET/T =
(CP∞)n and the coefficient ring will usually be Q throughout the paper, unless otherwise mentioned to be Z. By
this definition, if we denote t∗ as the dual Lie algebra of T , then H∗T (pt) = H
∗(ET/T ) = H∗((CP∞)n) = St∗ is a
polynomial ring Q[α1, . . . , αn] or Z[α1, . . . , αn] under the identification that c1(γi → BT ) = αi, where γi → BT
is the canonical complex line bundle on the i-th CP∞-component of BT and αi ∈ t∗Z is the integral weight dual
to the i-th S1-component of T . The trivial map ι : M → pt induces a homomorphism ι∗ : H∗T (pt) → H∗T (M)
and hence makes H∗T (M) a H
∗
T (pt)-module.
For a T -equivariant complex, oriented or real vector bundle V over M , we can define the equivariant Chern,
Euler or Pontryagin classes respectively as cT (V ) = c((ET×V )/T ) , eT (V ) = e((ET×V )/T ) , pT (V ) = p((ET×
V )/T ) ∈ H∗T (M,Z).
The famous Atiyah-Bott-Berline-Vergne(ABBV) localization formula says:
Theorem 2.1 (ABBV Localization Formula, [BV83, AB84]). On an oriented T -manifold M , an equivariant
cohomology class ω ∈ H∗T (M) can be integrated as∫
M
ω =
∑
C⊆MT
∫
C
ω|C
eT (NC)
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where the summation is taken for every component C ⊆ MT with normal bundle NC and equivariant Euler
class eT (NC).
Inspired by this localization theorem, one can hope for more connections between the manifold M and its
fixed-point set MT , if H∗T (M) is actually a free H
∗
T (pt)-module.
Definition 2.2. An action of T on M is equivariantly formal if H∗T (M) is a free H
∗
T (pt)-module.
Using the techniques of spectral sequences, equivariant formality has various equivalent expressions.
Theorem 2.3 (Equivalences of equivariant formality, [AP93] pp. 210 Thm 3.10.4, [GGK02] pp. 206-207). Let
torus T act on a manifold M , the following conditions about equivariant cohomology are equivalent:
(1) The T -action is equivariantly formal, i.e. H∗T (M) is a free H
∗
T (pt)-module
(2) The Leray-Serre sequence of the fibration M ↪→ (M × ET )/T → BT collapses with E∞ = E2 =
H∗(BT )⊗H∗(M)
(3) H∗T (M) ∼= H∗T (pt)⊗H∗(M) as H∗T (pt)-module
(4) H∗T (M)→ H∗(M), defined as the restriction to the fibre M , is surjective
(5) Any additive basis of H∗(M) can be lifted to H∗T (M), hence give an additive H
∗
T (pt)-basis for H
∗
T (M)
(6)
∑
dimH∗(MT ) =
∑
dimH∗(M).
Remark 2.4. The equivalences among (2)(3)(4)(5) are direct applications of the Leray-Hirsch theorem (which
works not only for Q coefficients, but also for Z coefficients if H∗(M,Z) is a free Z-module). For the equivalence
to the remaining conditions (1)(6) in Q coefficients, see the cited references.
Remark 2.5. When the Betti numbers of M and MT are known, the equality
∑
dimH∗(MT ) =
∑
dimH∗(M)
is a handy way to verify the equivariant formality.
Remark 2.6. The fibre inclusion M ↪→ (M × ET )/T induces a homomorphism H∗T (M) → H∗(M) factoring
through Q ⊗H∗T (pt) H∗T (M), where Q has a H∗T (pt) = Q[α1, . . . , αn]-algebra structure from the constant-term
morphism Q[α1, . . . , αn]→ Q : f(α1, . . . , αn) 7→ f(0). When the T -action is equivariantly formal, i.e. H∗T (M) ∼=
H∗T (pt)⊗Q H∗(M), then we can recover H∗(M) as Q⊗H∗T (pt) H∗T (M).
3. GKM-type theorems
In this section, we recall the Chang-Skjelbred lemma, the GKM theorem and the author’s recent work on
GKM-type theorems for possibly non-orientable manifolds in odd dimensions.
3.1. Chang-Skjelbred lemma and GKM condition. Given an action T y M , for every point p ∈ M ,
its stabilizer is defined as Tp = {t ∈ T | t · p = p}, and its orbit is Op ∼= T/Tp. Let’s set the 1-skeleton
M1 = {p | dimOp 6 1}, the union of 1-dimensional orbits and fixed points. If H∗T (M) is a free H∗T (pt)-module,
i.e. the action is equivariantly formal, Chang and Skjelbred [CS74] proved that H∗T (M) only depends on the
fixed-point set MT and the 1-skeleton M1.
Theorem 3.1 (Chang-Skjelbred Lemma, [CS74]). If an action T yM is equivariantly formal, then
H∗T (M) ∼= H∗T (M1) ↪→ H∗T (MT ).
This Lemma enables one to describe the equivariant cohomology H∗T (M) as a sub-ring of H
∗
T (M
T ), subject
to certain algebraic relations determined by the 1-skeleton M1. To apply the Chang-Skjelbred Lemma, we will
follow Goresky, Kottwitz and MacPherson’s idea to start with the smallest fixed-point set MT and 1-skeleton
M1.
Definition 3.2 (GKM condition in either even or odd dimensions). An action T yM is GKM if
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(1) The fixed-point set MT consists of isolated points or isolated circles.
(2) At each fixed point p ∈MT , the non-zero weights [α1], . . . , [αn] ∈ t∗Z/±1 of the isotropy T -representation
T y TpM are pair-wise independent.
Remark 3.3. As mentioned in the Subsection 2.1, the dimensions of M and of MT have the same parity.
Condition (1) in Definition 3.2 means that MT consists of isolated points when M is even dimensional or MT
consists of isolated circles when M is odd dimensional.
Remark 3.4. The GKM condition is equivalent to requiring the 1-skeleton M1 to be 2-dimensional when M is
even dimensional or 3-dimensional when M is odd dimensional.
3.2. GKM theorem: the even dimensional case. Goresky, Kottwitz and MacPherson [GKM98] considered
torus actions on algebraic varieties where the fixed-point set MT is finite and the 1-skeleton M1 is a union of
spheres S2. They proved that the cohomology H∗T (M) can be described in terms of congruence relations on a
graph determined by the 1-skeleton M1. Goertsches and Mare [GM14] observed that GKM theory also works
in non-orientable case by adding RP 2[α] components to the 1-skeleton M1.
Definition 3.5 (GKM graph in even dimension). If an action T y M2m is GKM, then its GKM graph
consists of
Vertices: A • for each fixed point in MT
Edges & Weights: A solid edge with weight [α] for each S1[α] joining two •’s representing its two fixed
points, and a dotted edge with weight [β] for each RP 2[β] joining a • to an empty vertex.
Theorem 3.6 (GKM theorem in even dimension, [GKM98] pp. 26 Thm 1.2.2, [GM14] pp. 7 Thm 3.6). If the
action of a torus T on a (possibly non-orientable) manifold M2m is equivariantly formal and GKM, then we
can construct its GKM graph Γ, with vertex set V = MT and weighted edge set E, moreover the equivariant
cohomology has a graphic description
H∗T (M) =
{
f : V → St∗ | fp ≡ fq mod α for each solid edge pq with weight α in E
}
.
Remark 3.7. Since H∗T (RP 2[β]) = H
∗
T (pt) does not contribute to congruence relations, we can erase all the
dotted edges of RP 2[β] and only keep the solid edges of S
2
[α] to construct an effective GKM graph, which does
not necessarily have the same number of edges for every vertex.
3.3. GKM-type theorem: the odd dimensional case. In odd dimensions, we can also consider smallest-
dimensional 1-skeleton, i.e. M1 is 3-dimensional. Then according to Chang-Skjelbred lemma, the localization
boils down to understanding S1-actions on 3-manifolds, studied by the author [He17].
Similar to the even dimensional case, we can construct a graph for each odd dimensional T -manifold under
the GKM condition 3.2.
Definition 3.8 (GKM graph in odd dimension). If an action T y M2m+1 (possibly non-orientable) is GKM,
then its GKM graph consists of
Vertices: There will be two types of vertices.
◦ for each fixed circle C ⊂MT .
 for each 3d connected component N3[α] in MT[α] of some codimension-1 subtorus T[α] which has Lie
algebra tα ⊂ t annihilated by α. The  is then weighted with [α].
Edges: An edge joins a (, N) to a (◦, C), if the 3d manifold N contains the fixed circle C and hence is
a connected component of MT[α] for an isotropy weight [α] of C. There are no edges directly joining ◦
to ◦, nor  to .
In order to derive a GKM-type graphic description of H∗T (M
2m+1), we need to fix in advance an orientation
θi for each fixed circle Ci ⊆MT , and also fix an orientation for each orientable MT[α] ⊆M1.
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Theorem 3.9 (A GKM-type theorem in odd dimension, [HeA]). If the action of a torus T on (possibly non-
orientable) manifold M2n+1 is equivariantly formal and GKM, then we can construct its GKM graph Γ, with
two types of vertex sets V◦ and V and edge set E. An element of the equivariant cohomology H∗T (M) can be
written as:
(P,Qθ) : V◦ −→ St∗ ⊕ St∗θ
where θ is the generator of H1(S1), under the relations that for each  representing a 3d component N of some
MT[α] and the neighbour ◦’s representing the fixed circles C1, . . . , Ck on this component,
• if N is non-orientable,
PC1 ≡ PC2 ≡ · · · ≡ PCk mod α
• if N is orientable,
PC1 ≡ PC2 ≡ · · · ≡ PCk and
k∑
i=1
±QCi ≡ 0 mod α
where the sign for each QCi is specified by comparing the prechosen orientation θi with the induced
orientation of N on Ci.
Remark 3.10. As discussed in [HeA], different choices of orientations from Ci ⊆ MT and from orientable
MT[α] ⊆ M1 give the isomorphic equivariant cohomology. When M has a T -invariant stable almost complex
structure, then the isotropy weights α can be determined without ambiguity of signs. Moreover, MT and
MTα ⊆M1 are equipped with induced stable almost complex structures, hence are oriented canonically.
Remark 3.11. To describe the St∗-algebra structure of H∗T (M2m+1), it is convenient to write an element (P,Qθ)
as (PC+QCθ)C⊂MT . Note θ2 = 0, then (PC+QCθ)C⊂MT +(P¯C+Q¯Cθ)C⊂MT = ([PC+P¯C ]+[QC+Q¯C ]θ)C⊂MT ,
and (PC +QCθ)C⊂MT·(P¯C + Q¯Cθ)C⊂MT = ([PC P¯C ] + [PCQ¯C + P¯CQC ]θ)C⊂MT . For any polynomial R ∈ St∗,
we have R·(PC +QCθ)C⊂MT = (RPC +RQCθ)C⊂MT .
4. Equivariant cohomology rings of complex Grassmannians
In this section, we recall the GKM description and Leray-Borel description of equivariant cohomology rings
of complex Grassmannians, together with the characteristic basis and canonical basis of the additive structure.
We use the notation Gk(Cn) for the Grassmannian of k-dimensional complex subspaces in Cn.
4.1. GKM description of complex Grassmannians. As shown by Guillemin, Holm and Zara [GHZ06], for
compact connected group G and its closed connected subgroup H of the same rank as G, the homogeneous
space G/H is GKM and equivariantly formal under the left action of maximal torus T , hence has a graphic
description for its equivariant cohomology. For example, the GKM graph of Tn y U(n)/(U(k)× U(n− k)) is
the Johnson graph J(n, k), of which each vertex is a k-element subset S ⊆ {1, . . . , n} and two vertices S, S′ are
joined by an edge if they differ by one element. For later use in the case of real Grassmannians, we will give an
explicit description for the 1-skeleta of complex Grassmannians.
Proposition 4.1 (1-skeleta of complex Grassmannians). The Tn-action on Gk(Cn) has
(
n
k
)
fixed points of the
form ⊕i∈SCi, where S is a k-element subset of {1, 2, . . . , n} and Ci is the i-th component of Cn. The isotropy
weights at ⊕i∈SCi are {αj−αi | i ∈ S, j 6∈ S}, and join ⊕i′∈SCi′ to ⊕i′∈(Sr{i})∪{j}Ci′ via {(⊕i′∈Sr{i}Ci′)⊕L |
L ∈ P(Ci ⊕ Cj)} ∼= CP 1 in the 1-skeleton.
Proof. Tn acts on Cn linearly by (t1, . . . , tn) · (z1, . . . , zn) = (t1z1, . . . , t1zn) and hence induces an action on
Gk(Cn) by mapping every k-dimensional subspace V to t · V for each t ∈ Tn. A fixed point V of the T -action
on Gk(Cn) is exactly a k-dimensional sub-representation of Cn = ⊕ni=1Ci. Since ⊕ni=1Ci has distinct weights
α1, . . . , αn, a k-dimensional sub-representation is of the form ⊕i∈SCi for S, a k-element subset of {1, 2, . . . , n}.
6 HE
To understand the isotropy weights at ⊕i∈SCi ∈ Gk(Cn), notice that the tangent space of Gk(Cn) at ⊕i∈SCi
is HomC(⊕i∈SCi,⊕j 6∈SCj) ∼= (⊕i∈SCi)∗ ⊗C (⊕j 6∈SCj) ∼= ⊕i∈S ⊕j 6∈S (C∗i ⊗C Cj) with pair-wise independent
weights {αj − αi | i ∈ S and j 6∈ S}.
The finiteness of fixed points and pair-wise independence of isotropy weights at every fixed point verifies that
the Tn action on Gk(Cn) is GKM. Moreover, for a k-element subset S ⊆ {1, 2, . . . , n} and a weight αj−αi with
j 6∈ S, i ∈ S, the 2-sphere {
( ⊕
i′∈Sr{i}
Ci′)⊕ L | L ∈ P(Ci ⊕ Cj)
} ∼= CP 1
connects the T -fixed point ⊕i′∈SCi′ with the T -fixed point ⊕i′∈(Sr{i})∪{j}Ci′ , and is fixed by the corank-1
subtorus torus Tαj−αi whose Lie algebra is Ker(αj − αi). 
Since Gk(Cn) doesn’t have odd-degree cells, the canonical Tn action on Gk(Cn) is equivariantly formal in Z
coefficients and of course in Q coefficients. Then we can apply the even dimensional GKM theorem to Gk(Cn)
using congruence relations on the Johnson graph J(n, k).
Theorem 4.2 (GKM description of complex Grassmannians, [GZ01]). Let S be the collection of k-element
subsets of {1, 2, . . . , n}, then the equivariant cohomology of the Tn action on Gk(Cn) is
H∗T (Gk(Cn),Q) =
{
f : S → Q[α1, . . . , αn] | fS ≡ fS′ mod αj − αi for S, S′ ∈ S with S ∪ {j} = S′ ∪ {i}
}
.
Using Morse theory on graphs, Guillemin and Zara analysed additive basis for equivariant cohomology of
GKM manifolds.
Theorem 4.3 (Canonical basis of complex Grassmannians, [GZ03]). There is a self-indexing Morse function
on S
φ : S −→ R : S 7−→ 2(
∑
i∈S
i)− k(k + 1)
and a canonical class τS ∈ Hφ(S)T (Gk(Cn),Q) for each S ∈ S such that
(1) τS is supported upward, i.e. τS(S
′) = 0 if φ(S′) 6 φ(S)
(2) τS(S) =
∏′
(αj−αi) where the product is taken over the weights at S connecting to S′ with φ(S′) < φ(S)
Moreover, {τS , S ∈ S} give a H∗T (pt,Q)-additive basis of H∗T (Gk(Cn),Q).
Remark 4.4. The canonical classes τS are exactly the equivariant Schubert classes via the relation that if S
consists of the elements i1 < i2 < · · · < ik, then the corresponding Schubert symbol is (i1−1, i2−2, . . . , ik−k).
Remark 4.5. In this paper, we only need the existence of canonical classes τS . The general formula of τS
restricted at each fixed point was given by Guillemin&Zara [GZ03] and simplified by Goldin&Tolman [GT09].
4.2. Leray-Borel description of complex Grassmannians. Besides the equivariant Schubert basis, equi-
variant characteristic classes and characteristic polynomials on complex Grassmannians will give ring generators
and additive basis for their equivariant cohomology rings.
Theorem 4.6 (Leray-Borel description of complex Grassmannians, see [BT82] pp. 293 Prop 23.2). For the
complex Grassmannians Gk(Cn), let c1, c2, . . . , ck and c¯1, c¯2, . . . , c¯n−k be the Chern classes of the canonical
bundle on Gk(Cn) and its complementary bundle respectively, then
H∗(Gk(Cn),Z) =
Z[c1, c2, . . . , ck; c¯1, c¯2, . . . , c¯n−k]
(1 + c1 + c2 + . . .+ ck)(1 + c¯1 + c¯2 + . . .+ c¯n−k) = 1
.
The relation (1 + c1 + c2 + . . .+ ck)(1 + c¯1 + c¯2 + . . .+ c¯n−k) = 1 makes either c1, c2, . . . , ck or c¯1, c¯2, . . . , c¯n−k
as sets of ring generators of the cohomology H∗(Gk(Cn),Z). Certain monomials of c1, c2, . . . , ck actually give
an additive basis of the cohomology H∗(Gk(Cn),Z), stated by Carrell [Ca78] for complex Grassmannians in
C coefficients as a result of “standard combinatorial reasoning”. Later, details of proof were supplied by
Jaworowski [Ja89] for real Grassmannians in Z/2 coefficients which can be adapted to complex Grassmannians
in Z coefficients.
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Theorem 4.7 (Characteristic basis of complex Grassmannians, [Ca78, Ja89]). The set of monomials cr11 c
r2
2 · · · crkk
of cohomological degree 2d =
∑k
i=1 2iri satisfying the condition
∑k
i=1 ri 6 n − k forms an additive basis for
H2d(Gk(Cn),Z), 0 6 d 6 k(n− k).
Notice that the cohomology H∗(Gk(Cn),Z) does not have odd-degree elements, the Leray-Serre sequence
of Gk(Cn) ↪→ ET ×T Gk(Cn) → BT collapses at E2 = H∗(BT,Z) ⊗Z H∗(Gk(Cn),Z) with H∗T (Gk(Cn),Z) ∼=
H∗(BT,Z) ⊗Z H∗(Gk(Cn),Z) as H∗(BT,Z)-modules. Therefore, the action Tn y Gk(Cn) is equivariantly
formal in Z coefficients, and of course inQ coefficients. However, H∗T (Gk(Cn),Z) ∼= H∗(BT,Z)⊗ZH∗(Gk(Cn),Z)
is only a H∗(BT,Z)-module isomorphism which
(1) neither gives the H∗(BT,Z)-algebra structure of H∗T (Gk(Cn),Z).
(2) nor specifies a map H∗T (Gk(Cn),Z)→ H∗(BT,Z)⊗Z H∗(Gk(Cn),Z).
The above two problems can be resolved using the equivariant version of the Leray-Borel description which
is usually given for a compact connected Lie group G with maximal torus T and a closed connected subgroup
H containing T as
H∗T (G/H) = St∗ ⊗(St∗)WG (St∗)WH
where WG and WH are the Weyl groups of G and H. For the complex Grassmannian Gk(Cn) = U(n)/(U(k)×
U(n − k)), we have the Weyl group WG = Sn, the symmetric group of n elements, and the Weyl group
WH = Sk × Sn−k. Under these Weyl group actions, it is well known that the invariant elements in St∗ are
symmetric polynomials, or topologically the equivariant Chern classes:
Theorem 4.8 (Equivariant Leray-Borel description of complex Grassmannians, [Tu10] pp. 21). For the complex
Grassmannian Gk(Cn) = U(n)/(U(k) × U(n − k)), let Tn be the maximal torus of U(n) which acts on the
left of Gk(Cn), and α1, α2, . . . , αn be the integral basis for its Lie dual algebra t∗, also let cT1 , cT2 , . . . , cTk and
c¯T1 , c¯
T
2 , . . . , c¯
T
n−k be the equivariant Chern classes of the canonical bundle on Gk(Cn) and its complementary
bundle respectively, then
H∗T (Gk(Cn),Z) =
Z[α1, α2, . . . , αn][cT1 , cT2 , . . . , cTk ; c¯T1 , c¯T2 , . . . , c¯Tn−k]
cT c¯T =
∏n
i=1(1 + αi)
.
Since the equivariant Chern classes cT1 , c
T
2 , . . . , c
T
k and c¯
T
1 , c¯
T
2 , . . . , c¯
T
n−k lift the ordinary Chern classes c1, c2, . . . , ck
and c¯1, c¯2, . . . , c¯n−k, we get
Theorem 4.9 (Equivariant characteristic basis of complex Grassmannians). The set of monomials (cT1 )
r1(cT2 )
r2 · · · (cTk )rk
satisfying the condition
∑k
i=1 ri 6 n− k form an additive H∗T (pt)-basis for H∗T (Gk(Cn),Z).
Proof. Combine the ordinary characteristic basis with the equivalence (5) of Theorem 2.3. 
4.3. Relations between the Leray-Borel and GKM descriptions. Since the characteristic monomials
(cT )I = (cT1 )
i1 · · · (cTk )ik ,
∑k
j=1 ij 6 n − k in Leray-Borel description and the canonical classes τS in GKM
description are both basis for the free Q[α1, . . . , αn]-module H∗T (Gk(Cn),Q), there will be transformations
K, K¯ between them such that
(cT )I =
∑
S
KISτS
τS =
∑
I
K¯SI (c
T )I
where KIS , K¯
S
I ∈ Q[α1, . . . , αn].
Remark 4.10. The idea of considering the transformations between Schubert classes and characteristic classes
dates back to Bernstein, Gelfand and Gelfand [BGG73]. In this paper, we only need the existence of the
transformations K, K¯. For the complete flag manifold Fl(Cn), Kaji [Ka] gave explicit algorithms on how to
decide the polynomials KIS , K¯
S
I . It would also be interesting to know what the K
I
S , K¯
S
I explicitly are for complex
Grassmannians.
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The Littlewood-Richardson rule for equivariant Schubert classes is that there are polynomials NS
′′
S,S′ ∈
Q[α1, . . . , αn] (see Knutson&Tao [KT03]) for the multiplication of Schubert classes
τSτS′ =
∑
S′′
NS
′′
S,S′τS′′ .
On the other hand, the multiplication of the equivariant characteristic classes can be localized. We can
express the total equivariant Chern classes cT , c¯T of the canonical bundle γ and its complementary bundle γ¯
in GKM description at each fixed point ⊕i∈SCi ∈ Gk(Cn). Note that the canonical bundle γ, complementary
bundle γ¯ and tangent bundle TGk(Cn) restricted at ⊕i∈SCi ∈ Gk(Cn) for a k-element subset S ⊂ {1, . . . , n}
are the vector spaces ⊕i∈SCi, ⊕j 6∈SCj and ⊕i∈S ⊕j 6∈S (C∗i ⊗C Cj) respectively, we get
cT |S = cT (γ|S) =
∏
i∈S
(1 + αi)
c¯T |S = cT (γ¯|S) =
∏
j 6∈S
(1 + αj)
eT |S = eT (TSGk(Cn)) =
∏
i∈S
∏
j 6∈S
(αj − αi).
Since γ ⊕ γ¯ = ∑ni=1Ci, this also shows why there is the relation cT c¯T = ∏ni=1(1 + αi).
If we denote el(x1, . . . , xm) as the l-th elementary symmetric polynomial in variables x1, . . . , xm, then c
T
l |S =
el(αi∈S), c¯Tl |S = el(αj 6∈S).
Theorem 4.11 (Equivariant Chern numbers of complex Grassmannians, [Tu10] pp. 21 Prop 23). Using the
ABBV localization formula 2.1, equivariant Chern numbers of complex Grassmannians can be given as∫
Gk(Cn)
(cT )I =
∑
S
((cT1 )
i1 · · · (cTk )ik)|S
eTS
=
∑
S
ei11 (αi∈S) · · · eikk (αi∈S)∏
i∈S
∏
j 6∈S(αj − αi)
∈ Q[α1, . . . , αn].
where the sum is taken for all k-element subsets S ⊂ {1, . . . , n}. When the cohomological degree of a charac-
teristic polynomial matches with the dimension of a Grassmannian, then its equivariant integration results in a
constant, i.e. an ordinary Chern number.
Remark 4.12. By substituting any αi = ai ∈ R such that ai 6= 0, ai 6= aj into the above fraction, we can evaluate
the equivariant Chern numbers. For example, a good choice will be αi = i,∀i. If the cohomological degree of a
characteristic polynomial does not match with the dimension of a Grassmannian, then such evaluation will be
zero. The interesting case is when the degree matches the dimension.
Corollary 4.13. When the cohomological degree of a characteristic polynomial matches with the dimension of
a Grassmannian, we then get a formula for the ordinary Chern numbers :∫
Gk(Cn)
cI =
∑
S
ei11 (S) · · · eikk (S)∏
i∈S
∏
j 6∈S(j − i)
∈ Q
where the sum is taken for all k-element subsets S ⊂ {1, . . . , n}.
Remark 4.14. The above characteristic numbers are with respect to the characteristic classes of the canonical
bundle and complementary bundle, not the tangent bundle. However,
cT (T (Gk(Cn)))|S = cT (⊕i∈S ⊕j 6∈S (C∗i ⊗ Cj)) =
∏
i∈S
∏
j 6∈S
(1 + αj − αi).
We can also use the ABBV formula to calculate the equivariant (and ordinary) characteristic numbers of the
tangent bundle.
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Remark 4.15. The equivariant Chern classes (cT )I are integral. Moreover, the canonical classes τS are actually
the equivariant Schubert classes, hence also integral. Therefore, the coefficients N,K, K¯ and characteristic
numbers
∫
(cT )I ,
∫
cI are all integral.
5. Equivariant cohomology rings of real Grassmannians
In this section, we give the GKM description and Leray-Borel description of equivariant cohomology rings
of real Grassmannians, together with the canonical basis and characteristic basis of the additive structure. We
use the notation Gk(Rn) for the Grassmannian of k-dimensional real subspaces in Rn.
The dimension of Gk(Rn) is k(n−k). Therefore, G2k(R2n), G2k(R2n+1), G2k+1(R2n+1) are even dimensional,
but G2k+1(R2n+2) is odd dimensional. Moreover, the real Grassmannians Gk(Rn) differ from each other on
Poincare´ series and orientability according to the parities of k and n, as shown by Casian and Kodama:
Theorem 5.1 (Poincare´ series of real Grassmannians, [CK] pp. 11, Thm 5.1). The relations between Poincare´
series of real Grassmannians and complex Grassmannians are given as:
PG2k(R2n)(t) = PG2k(R2n+1)(t) = PG2k+1(R2n+1)(t) = PGk(Cn)(t
2)
PG2k+1(R2n+2)(t) = (1 + t
2n+1)PGk(Cn)(t
2).
Remark 5.2. The Poincare´ series of complex Grassmannian is (see [BT82] pp. 292 Prop 23.1)
PGk(Cn)(t) =
(1− t2) · · · (1− t2n)
(1− t2) · · · (1− t2k)(1− t2) · · · (1− t2(n−k)) .
Using the relations between Poincare´ series, we see that G2k(R2n) and G2k+1(R2n+2) have non-zero top Betti
numbers, hence orientable; however, G2k(R2n+1) and G2k+1(R2n+1) have zero top Betti numbers, hence non-
orientable.
5.1. GKM description of real Grassmannians. Similar to the case of complex Grassmannians, we will
show the real Grassmannians also have appropriate torus actions that are equivariantly formal and GKM.
First, we specify the torus actions on real Grassmannians. Write the coordinates on R2n as (x1, y1, . . . , xn, yn).
Let Tn act on R2n,R2n+1,R2n+2 so that the i-th S1-component of Tn exactly rotates the i-th pair of real
coordinates (xi, yi) and leaves the remaining coordinates free, hence we can write R2n = ⊕ni=1R2[αi], R2n+1 =
(⊕ni=1R2[αi]) ⊕ R0 and R2n+2 = (⊕ni=1R2[αi]) ⊕ R20 for their decompositions into weighted subspaces, where
[αi] ∈ t∗Z/± 1. These actions induce Tn actions on G2k(R2n), G2k(R2n+1), G2k+1(R2n+1) and G2k+1(R2n+2).
Since there are natural Tn-diffeomorphisms G2k(R2n+1) ∼= G2n−2k+1(R2n+1) identifying the second and the
third types of real Grassmannians, in many discussions we will only consider the three cases of G2k(R2n),
G2k(R2n+1) and G2k+1(R2n+2).
5.1.1. Fixed points. Similar to the observation in the case of complex Grassmannians, the Tn-fixed points of real
Grassmannians are exactly some appropriate dimensional sub-representations of the ambient representations.
The verification of sub-representations of R2n = ⊕ni=1R2[αi], R2n+1 = (⊕ni=1R2[αi])⊕R0 for the real Grassmannians
G2k(R2n) and G2k(R2n+1) are straightforward. Let’s focus on the 2k + 1 dimensional sub-representations of
R2n+2 = (⊕ni=1R2[αi]) ⊕ R20. Notice that the sub-representation is odd dimensional, hence must have exactly
one dimension in the part of trivial representation, therefore has the form (⊕i∈SR2[αi]) ⊕ L0 where S is a
k-element subset of {1, 2, . . . , n} and L0 ∈ P(R20). For each k-element subset S, the connected component
CS = {(⊕i∈SR2[αi]) ⊕ L0 | L0 ∈ P(R20)} ∼= RP 1 gives a fixed circle isolated from the other fixed circles. This
gives all the fixed points of the Tn action on G2k+1(R2n+2).
Remark 5.3. Because of the one-to-one correspondence between a k-element subset S ⊂ {1, . . . , n} with a fixed
point or circle, sometimes we will use S directly to mean a fixed point or circle.
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5.1.2. Isotropy weights. Fixing a k-element subset S, let’s describe the tangent spaces at the fixed points in the
three cases of real Grassmannians.
(1) The tangent space at ⊕i∈SR2[αi] ∈ G2k(R2n) is
HomR
(
⊕i∈S R2[αi],⊕j 6∈SR2[αj ]
) ∼= (⊕i∈SR2[αi])∗ ⊗R (⊕j 6∈SR2[αj ]) ∼= ⊕i∈S ⊕j 6∈S ((R2[αi])∗ ⊗R R2[αj ]).
(2) The tangent space at ⊕i∈SR2[αi] ∈ G2k(R2n+1) is
HomR
(
⊕i∈S R2[αi], (⊕j 6∈SR2[αj ])⊕ R0
) ∼= (⊕i∈S ⊕j 6∈S((R2[αi])∗ ⊗R R2[αj ]))⊕⊕i∈S(R2[αi])∗.
(3) The tangent space at (⊕i∈SR2[αi])⊕L0 ∈ G2k+1(R2n+2), where L0 ∈ P(R20) has a L⊥0 ∈ P(R20) such that
L0 ⊕ L⊥0 ∼= R20, is
HomR
(
(⊕i∈SR2[αi])⊕ L0, (⊕j 6∈SR2[αj ])⊕ L⊥0
)
∼=
(
⊕i∈S ⊕j 6∈S
(
(R2[αi])
∗ ⊗R R2[αj ]
))⊕ (⊕i∈S (R2[αi])∗ ⊗R L⊥0 )⊕ (⊕j 6∈S L∗0 ⊗R R2[αj ])
⊕
(
L∗0 ⊗R L⊥0
)
among which the first three terms and the fourth term give respectively the normal space and tangent
space of the fixed circle CS = {(⊕i∈SR2[αi])⊕ L0 | L0 ∈ P(R20)}.
The isotropy weights are then determined by the following simple lemma:
Lemma 5.4. The weights of the tensor product (R2[αi])
∗ ⊗R R2[αj ] are [αj − αi], [αj + αi] ∈ t∗Z/± 1.
Proof. The T -action on the dual space (R2[αi])
∗ is defined in an invariant way so that for t ∈ T , l ∈ (R2[αi])∗,
v ∈ R2[αi], and if we denote 〈l, v〉 as the natural pairing, we should have 〈t · l, t · v〉 = 〈l, v〉 or equivalently,
(t · l)(v) = l(t−1 · v). Notice that only the i-th and j-th S1-component of Tn have non-trivial actions on (R2[αi])∗
or R2[αj ], let e
√−1θi ∈ S1i , e
√−1θj ∈ S1j , and write elements of (R2[αi])∗⊗RR2[αj ] as 2×2 matrices, then the S1i ×S1j
action on (R2[αi])
∗ ⊗R R2[αj ] can be given as:
(e
√−1θi , e
√−1θj ) ·
(
a b
c d
)
=
(
cos θj − sin θj
sin θj cos θj
)(
a b
c d
)(
cos θi sin θi
− sin θi cos θi
)
.
Consider the following new basis of (R2[αi])
∗ ⊗R R2[αj ]
M1 =
(
1 0
0 1
)
M2 =
(
0 −1
1 0
)
M3 =
(
1 0
0 −1
)
M4 =
(
0 1
1 0
)
.
We get
(e
√−1θj ·M1, e
√−1θj ·M2) = (M1,M2)
(
cos θj − sin θj
sin θj cos θj
)
(e
√−1θi ·M1, e
√−1θi ·M2) = (M1,M2)
(
cos θi sin θi
− sin θi cos θi
)
.
In other words, S1i × S1j acts on RM1 ⊕ RM2 with weight [αj − αi]. Similarly, S1i × S1j acts on RM3 ⊕ RM4
with weight [αj + αi]. 
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5.1.3. 1-skeleta. To begin with, let’s work out the 1-skeleton of the T 2-action on G2(R4). From the previous
discussions, we know that there are two fixed points R2[α1],R
2
[α2]
∈ G2(R4), both have the same isotropy weights
[α2 −α1] and [α2 +α1]. Let Tα2−α1 be the subtorus of T 2 with Lie algebra annihilated by α2 −α1, i.e. Tα2−α1
is the diagonal {(t, t) ∈ T 2}. Similarly, Tα2+α1 , the subtorus with Lie algebra annihilated by α2 + α1, is the
anti-diagonal {(t, t−1) ∈ T 2}.
Note that there is a natural diffeomorphism F : C2 → R4 by forgetting the complex structure. This induces
an embedding CP 1 ↪→ G2(R4) : L 7→ F(L) where L is a complex line in C2 and F(L) its two dimensional
real image in R4. Let J : C2 → C2 : (z1, z2) 7→ (z1, z¯2) be the diffeomorphism with conjugation on the second
variable. This also induces an embedding CP 1 ↪→ G2(R4) : L 7→ F(J(L)). We will denote the images of the
two embeddings as CP 1 and CP 1.
Lemma 5.5. The fixed-point sets of Tα2−α1 and Tα2+α1 in G2(R4) are CP 1 and CP 1 respectively, i.e. the
1-skeleton of the T 2-action on G2(R4) is CP 1 ∪ CP 1 glued at the two T 2-fixed points R2[α1],R2[α2] ∈ G2(R4).
Proof. Let L0 = C⊕ 0 and L∞ = 0⊕C be the two complex lines in C2, they are the two poles of both CP 1 and
CP 1, and are exactly the two T 2-fixed points R2[α1],R
2
[α2]
∈ G2(R4). The diagonal circle Tα2−α1 = {(t, t) ∈ T 2}
fixes CP 1 because (t, t) · [z1, z2] = [tz1, tz2] = [z1, z2] trivially, hence CP 1 joins R2[α1] to R2[α2] with weight
[α2 − α1]. Similarly, CP 1 joins R2[α1] to R2[α2] with weight [α2 + α1]. The 2-spheres CP 1 and CP 1 exhaust all
the T 2-fixed points and the isotropy weights, therefore give the 1-skeleton of the T 2-action on G2(R4). 
Generally, let Tαj−αi and Tαj+αi be the subtori of T
n with Lie algebras annihilated by αj − αi and αj + αi
respectively. For the Tn-action on R2n = ⊕ni=1R2[αi], the fixed-point sets of Tαj−αi and Tαj+αi on G2(R2[αi] ⊕
R2[αj ]) are two 2-spheres sharing the poles which are exactly the two T
n-fixed points R2[αi],R
2
[αj ]
∈ G2(R2[αi] ⊕
R2[αj ]). We will denote the 2-spheres as S
2
[αj−αi] and S
2
[αj+αi]
and keep in mind that every element V in S2[αj−αi]
or S2[αj+αi] is a 2-plane in R
2
[αi]
⊕ R2[αj ].
Now we are ready to describe the 1-skeleta of the Tn actions on the three types of real Grassmannians. Let
S be a k-element subset of {1, 2, . . . , n}, and i ∈ S, j 6∈ S.
(1) For G2k(R2n), the Tn-fixed point VS = ⊕i′∈SR2[αi′ ] is joined to V(Sr{i})∪{j} via {(⊕i′∈Sr{i}R
2
[αi′ ]
)⊕V |
V ∈ S2[αj−αi]} ∼= S2 of weight [αj − αi] and also via {(⊕i′∈Sr{i}R2[αi′ ]) ⊕ V | V ∈ S
2
[αj+αi]
} ∼= S2 of
weight [αj + αi].
(2) For G2k(R2n+1), the Tn-fixed point VS = ⊕i′∈SR2[αi′ ] is joined to V(Sr{i})∪{j} via {(⊕i′∈Sr{i}R
2
[αi′ ]
)⊕V |
V ∈ S2[αj−αi]} ∼= S2 of weight [αj − αi] and also via {(⊕i′∈Sr{i}R2[αi′ ]) ⊕ V | V ∈ S
2
[αj+αi]
} ∼= S2 of
weight [αj + αi]. Moreover, VS is contained in {(⊕i′∈Sr{i}R2[αi′ ])⊕ V | V ∈ G2(R
2
[αi]
⊕ R0)} ∼= RP 2 of
weight [αi] without other fixed points.
(3) For G2k+1(R2n+2), the Tn-fixed circle CS = {(⊕i′∈SR2[αi′ ]) ⊕ L0 | L0 ∈ P(R
2
0)} ∼= RP 1 is joined to
C(Sr{i})∪{j} via {(⊕i′∈Sr{i}R2[αi′ ]) ⊕ V ⊕ L0 | V ∈ S
2
[αj−αi], L0 ∈ P(R20)} ∼= S2 × RP 1 with weight
[αj − αi] and also via {(⊕i′∈Sr{i}R2[αi′ ])⊕ V ⊕L0 | V ∈ S
2
[αj+αi]
, L0 ∈ P(R20)} ∼= S2 ×RP 1 with weight
[αj + αi]. Moreover, CS is contained in {(⊕i′∈Sr{i}R2[αi′ ]) ⊕W | W ∈ G3(R
2
[αi]
⊕ R20)} ∼= RP 3 and
{(⊕i′∈SR2[αi′ ])⊕L | L ∈ P(R
2
[αj ]
⊕R20)} ∼= RP 3 of weights [αi] and [αj ] respectively without other fixed
points.
5.1.4. GKM graphs of real Grassmannians. Since G2k(R2n), G2k(R2n+1), G2k+1(R2n+1) are even dimensional,
but G2k+1(R2n+2) is odd dimensional, we will construct GKM graphs according to the parity of dimensions.
Example 5.6. We give some examples of GKM graphs for Gk(Rn) when k or n is small.
(1) RP 2n as G1(R2n+1) or G2n(R2n+1)
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v0
[α1]
[α2]
[αn]
(a) Complete GKM graph for RP 2n
v0
(b) Effective GKM graph for RP 2n
Figure 1. GKM graphs for RP 2n
(2) RP 2n+1 as G1(R2n+2) or G2n+1(R2n+2)
C0
[α1]
[α2]
[αn]
(a) GKM graph for RP 2n+1
C0
[∏n
i=1 αi
]
(b) Condensed GKM graph for RP 2n+1
Figure 2. GKM graphs for RP 2n+1
(3) G2(R4), G2(R5), G3(R5) as G2k(R2n), G2k(R2n+1), G2k+1(R2n+1) when k = 1, n = 2.
v1 v2
[α2 − α1]
[α2 + α2]
(a) GKM graph for G2(R4)
v1 v2[α22 − α21]
(b) Condensed GKM graph for G2(R4)
Figure 3. GKM graphs for G2(R4)
v1 v2
[α2 − α1]
[α2 + α1]
[α1] [α2]
(a) Complete GKM graph
v1 v2
[α2 − α1]
[α2 + α1]
(b) Effective GKM graph
v1 v2[α22 − α21]
(c) Condensed GKM graph
Figure 4. GKM graphs for G2(R5)
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v1 v2
[α2 − α1]
[α2 + α1]
[α2] [α1]
(a) Complete GKM graph
v1 v2
[α2 − α1]
[α2 + α1]
(b) Effective GKM graph
v1 v2[α22 − α21]
(c) Condensed GKM graph
Figure 5. GKM graphs for G3(R5)
(4) G3(R6) as G2k+1(R2n+2) when k = 1, n = 2.
C1 C2
[α2 + α1]
[α2 − α1]
[α1]
[α2]
[α1]
[α2]
(a) GKM graph for G3(R6)
C1 C2[α
2
2 − α21][α1α2] [α1α2]
(b) Condensed GKM graph for G3(R6)
Figure 6. GKM graphs for G3(R6)
Remark 5.7. The graphs of RP 2n and G2(R5) have appeared in Goertsches&Mare [GM14].
5.1.5. Formality, cohomology and canonical basis of real Grassmannians. We have given the 1-skeleta and GKM
graphs for real Grassmannians Gk(Rn) under appropriate torus actions. To apply the GKM-type theorems in
even and odd dimensions, we still need to verify that those torus actions on Gk(Rn) are equivariantly formal.
Proposition 5.8 (Equivariant formality of torus actions on real Grassmannians). The total Betti numbers of
Gk(Rn) and of its fixed-point set are equal:
(1) For the Tn-actions on G2k(R2n), G2k(R2n+1), G2k+1(R2n+1), the isolated fixed points VS are all parametrized
by S = {S ⊆ {1, 2, . . . , n} | #S = k}, and we have∑
dimH∗(G2k(R2n)) =
∑
dimH∗(G2k(R2n+1)) =
∑
dimH∗(G2k+1(R2n+1)) = #S =
(
n
k
)
.
(2) For the Tn-action on G2k+1(R2n+2), the isolated fixed circles CS are also indexed on S = {S ⊆
{1, 2, . . . , n} | #S = k}, and we have∑
dimH∗(G2k+1(R2n+1)) = #S ·
∑
dimH∗(S1) = 2
(
n
k
)
.
Therefore, the torus actions on Gk(Rn) are equivariantly formal.
Proof. The verification is based on the equivalence (6) of Theorem 2.3. The total Betti numbers of Gk(Rn) can
be calculated from the Casian-Kodama formula in Theorem 5.1 by substituting t = 1 in the Poincare´ series.∑
dimH∗(G2k(R2n)) =
∑
dimH∗(G2k(R2n+1)) =
∑
dimH∗(G2k+1(R2n+1)) =
∑
dimH∗(Gk(Cn))∑
dimH∗(G2k+1(R2n+2)) = 2
∑
dimH∗(Gk(Cn)).
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On the other hand, by the formality of the Tn-action on Gk(Cn), which also has isolated points parametrized
by S, we have ∑
dimH∗(Gk(Cn)) = #S =
(
n
k
)
.
Therefore, total Betti numbers of Gk(Rn) and of its fixed-point set are equal, and the torus actions on Gk(Rn)
are equivariantly formal. 
With the verifications of GKM conditions and equivariant formality, we can give the GKM description of
the torus actions on Gk(Rn) by applying the generalized GKM-type Theorems 3.6 and 3.9 in even and odd
dimensions.
Theorem 5.9 (GKM description of equivariant cohomology of real Grassmannians). Let S be the collection of
k-element subsets of {1, 2, . . . , n}.
(1) For even dimensional Grassmannians G2k(R2n), G2k(R2n+1), G2k+1(R2n+1) with Tn-actions, they have
the same equivariant cohomology{
f : S → Q[α1, . . . , αn] | fS ≡ fS′ mod α2j − α2i for S, S′ ∈ S with S ∪ {j} = S′ ∪ {i}
}
.
(2) For odd dimensional Grassmannian G2k+1(R2n+2) with Tn-action, an element of the equivariant coho-
mology is a set of polynomial pairs (fS , gSθ) to each ◦-vertex S where θ is the unit volume form of S1
such that
(a) gS ≡ 0 mod
∏n
i=1 αi for every S
(b) fS ≡ fS′ , gS ≡ gS′ mod α2j − α2i for S, S′ ∈ S with S ∪ {j} = S′ ∪ {i}.
Remark 5.10. For convenience, we will write an element f ∈ H∗Tn(G2k(R2n)) as (fS)S∈S and an element
(f, gθ) ∈ H∗Tn(G2k+1(R2n+2)) as (fS + gSθ)S∈S , which are understood as tuples indexed with respect to S ∈ S.
Remark 5.11. In the 1-skeleton of the odd dimensional Grassmannian G2k+1(R2n+2), every RP 3[αi] containing
a unique fixed circle CS contributes a relation gS ≡ 0 mod αi; every S2 × RP 1 with weight αj ± αi and two
fixed circles CS , CS′ contributes two relations fS ≡ fS′ , gS ≡ gS′ mod αj ± αi. These simple components in
1-skeleton resolve the sign issues in odd dimensional GKM-type Theorem 3.9.
Remark 5.12. Note that in the above description, we have condensed some congruence relations because
Q[α1, . . . , αn] is a unique-factorization domain.{
fS ≡ fS′ mod αj − αi
fS ≡ fS′ mod αj + αi
⇐⇒ fS ≡ fS′ mod α2j − α2i
gS ≡ 0 mod α1
...
...
...
gS ≡ 0 mod αn
⇐⇒ gS ≡ 0 mod
n∏
i=1
αi.
Notice the similarity among the GKM descriptions of the even and odd dimensional real Grassmannians and
the complex Grassmannians, we have
Theorem 5.13 (Relations among equivariant cohomology of real and complex Grassmannians). The relations
between the equivariant cohomology of even, odd dimensional real Grassmannians and complex Grassmannians
are
(1) There are a series of Q[α1, . . . , αn]-algebra isomorphisms:
H∗Tn(G2k(R2n)) ∼= H∗Tn(G2k(R2n+1)) ∼= H∗Tn(G2k+1(R2n+1)).
(2) There is an element rT ∈ H2n+1Tn (G2k+1(R2n+2)) such that (rT )2 = 0, and there is a Q[α1, . . . , αn]-
algebra isomorphism
H∗Tn(G2k+1(R2n+2)) ∼= H∗Tn(G2k(R2n))[rT ]/(rT )2.
LOCALIZATION OF EQUIVARIANT COHOMOLOGY RINGS OF REAL GRASSMANNIANS 15
(3) There is a Q[α1, . . . , αn]-algebra monomorphism:
H∗Tn(G2k(R2n)) ↪→ H∗Tn(Gk(Cn)).
Proof. All the Grassmannians with Tn-action are modelled on the same Johnson graph J(n, k) with slightly
different congruence relations.
(1) This is the part (1) of Theorem 5.9.
(2) From Theorem 5.9, the GKM descriptions of even and odd dimensional real Grassmannians have the
same congruence relations on the fS polynomials:
fS ≡ fS′ mod α2j − α2i for S, S′ ∈ S with S ∪ {j} = S′ ∪ {i}.
But the odd dimensional real Grassmannian has extra part of gSθ with congruence relations:
(a) gS ≡ 0 mod
∏n
i=1 αi for every S
(b) gS ≡ gS′ mod α2j − α2i for S, S′ ∈ S with S ∪ {j} = S′ ∪ {i}.
The first set of congruence relations means that
gS =
( n∏
i=1
αi
) · hS
for a polynomial hS ∈ Q[α1, . . . , αn] and for every S. Substitute into the second set of congruence
relations, and note that
∏n
i=1 αi is coprime with α
2
j − α2i , then we get
hS ≡ hS′ mod α2j − α2i for S, S′ ∈ S with S ∪ {j} = S′ ∪ {i}
exactly the same as the congruence relations on the fS polynomials. Denote
rT =
(
(
n∏
i=1
αi)θ
)
S∈S
which has (rT )2 = 0 because θ is the unit volume form of S1, and has degree 2n+ 1 because each αi is
of degree 2 in cohomology. Then we can write
(fS + gSθ)S∈S = (fS)S∈S + rT · (hS)S∈S .
This establishes the bijection
H∗Tn(G2k+1(R2n+2)) ∼= H∗Tn(G2k(R2n))[rT ]/(rT )2
which can be easily verified to be a Q[α1, . . . , αn]-algebra isomorphism.
(3) From Theorem 5.9, the GKM description of even dimensional real Grassmannians has the congruence
relations on the fS polynomials:
fS ≡ fS′ mod α2j − α2i for S, S′ ∈ S with S ∪ {j} = S′ ∪ {i}
which automatically satisfy the congruence relations on the fS polynomials for the complex Grassman-
nians in Theorem 4.2:
fS ≡ fS′ mod αj − αi for S, S′ ∈ S with S ∪ {j} = S′ ∪ {i}.
This establishes the injection
H∗Tn(G2k(R2n)) ↪→ H∗Tn(Gk(Cn))
which is also easy to verify as a Q[α1, . . . , αn]-algebra monomorphism.

Remark 5.14. Those Q[α1, . . . , αn]-algebra isomorphisms in Theorem 5.13 give ring isomorphisms among or-
dinary cohomology of real Grassmannians. But the ordinary version H∗(G2k(R2n)) → H∗(Gk(Cn)) is not
injective simply due to fact that G2k(R2n) is of dimension 4k(n− k), twice the real dimension of Gk(Cn).
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Theorem 5.15 (Canonical basis of even dimensional real Grassmannians). There is a self-indexing Morse
function on S
ψ : S −→ R : S 7−→ 4(
∑
i∈S
i)− 2k(k + 1)
and a canonical class σS ∈ Hψ(S)Tn (G2k(R2n),Q) for each S ∈ S such that
(1) σS is supported upward, i.e. σS(S
′) = 0 if ψ(S′) 6 ψ(S)
(2) σS(S) =
∏′
(α2j−α2i ) where the product is taken over the weights at S connecting to S′ with ψ(S′) < ψ(S)
Moreover, {σS , S ∈ S} give an additive Q[α1, . . . , αn]-basis of H∗Tn(G2k(R2n),Q).
Proof. By Theorem 5.13, we can identify H∗Tn(G2k(R2n)) with its embedded image in H∗Tn(Gk(Cn)). Recall
from Theorem 4.3 on the canonical classes of complex Grassmannian Gk(Cn), we used the function φ = ψ2 ,
hence both ψ and φ define the same partial order on S. Moreover, there is a basis τS of H∗Tn(Gk(Cn)), such
that
(1) τS is supported upward, i.e. τS(S
′) = 0 if φ(S′) 6 φ(S)
(2) τS(S) =
∏′
(αj−αi) where the product is taken over the weights at S connecting to S′ with φ(S′) < φ(S)
Let’s introduce the ring homomorphism:
Sq : Q[α1, . . . , αn]→ Q[α1, . . . , αn] : f(α1, . . . , αn) 7→ f(α21, . . . , α2n).
If fS ≡ fS′ mod αj − αi, i.e. fS − fS′ is a multiple of αj − αi, then Sq(fS) − Sq(fS′) = Sq(fS − fS′) is a
multiple of Sq(αj−αi) = α2j −α2i , i.e. Sq(fS) ≡ Sq(fS′) mod α2j −α2i . The homomorphism Sq not only refines
the congruence relations of H∗Tn(Gk(Cn)), but also has image in H∗Tn(G2k(R2n)), i.e. Sq(H∗Tn(Gk(Cn))) ⊆
H∗Tn(G2k(R2n)). Now we can define σS = Sq(τS) ∈ H∗Tn(G2k(R2n)), and we see that this collection of classes
satisfies the required properties of being supported upward and σS(S) =
∏′
(α2j−α2i ) over weights at S connecting
to S′ with ψ(S′) < ψ(S).
According to Guillemin&Zara ([GZ03] pp. 125, Remark of Thm 2.1), {σS} give an additive basis ofH∗Tn(G2k(R2n)).

Since we have proved H∗Tn(G2k+1(R2n+2)) ∼= H∗Tn(G2k(R2n))[rT ]/(rT )2 in Theorem 5.13, then
Corollary 5.16 (Canonical basis of odd dimensional real Grassmannians). σS and r
TσS give an additive
Q[α1, . . . , αn]-basis of H∗Tn(G2k+1(R2n+2)).
Remark 5.17. In the case of complex Grassmannian Gk(Cn), a subset S ⊆ {1, 2, . . . , n} with elements i1 <
i2 < · · · < ik corresponds to Schubert symbol (i1− 1, i2− 2, . . . , ik − k); there could be correspondences for real
Grassmannians
(1) For even dimensional Grassmannians G2k(R2n), G2k(R2n+1), let S consist of i1 < i2 < · · · < ik, then
the Tn-fixed point ⊕i∈SR2[αi], with pivot positions (2i1−1, 2i1, 2i2−1, 2i2, . . . , 2ik−1, 2ik) in its reduced
echelon form, will correspond to Schubert symbol (2i1−2, 2i1−2, 2i2−4, 2i2−4, . . . , 2ik−2k, 2ik−2k).
(2) For even dimensional Grassmannian G2k+1(R2n+1), the Tn-fixed point R0 ⊕ (⊕i∈SR2[αi]), with pivot
positions (1, 2i1, 2i1 + 1, 2i2, 2i2 + 1, . . . , 2ik, 2ik + 1) in its reduced echelon form, will also correspond
to Schubert symbol (2i1 − 2, 2i1 − 2, 2i2 − 4, 2i2 − 4, . . . , 2ik − 2k, 2ik − 2k).
(3) For odd dimensional Grassmannian G2k+1(R2n+2), besides the above Schubert symbols (2i1 − 2, 2i1 −
2, 2i2− 4, 2i2− 4, . . . , 2ik− 2k, 2ik− 2k), there is the class rT , which is conjectured by Casian&Kodama
[CK] to be the Schubert class with the hook Young diagram 12k×(2(n−k)+1) of symbol (1, . . . , 1, 2(n−
k) + 1) where there are 2k copies of 1. Following this conjecture, we can guess that a class rTσS with S
given by i1 < i2 < · · · < ik, corresponds to the Schubert symbol (2i1−1, 2i1−1, 2i2−3, 2i2−3, . . . , 2ik−
2k + 1, 2ik − 2k + 1, 2(n− k) + 1).
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Recall from Subsection 4.3 of the equivariant Littlewood-Richardson rule for complex Grassmannian Gk(Cn)
τSτS′ =
∑
S′′
NS
′′
S,S′τS′′
where NS
′′
S,S′ ∈ Q[α1, . . . , αn]. If we apply the ring homomorphism Sq on both sides, then we get:
Theorem 5.18 (Equivariant Littlewood-Richardson coefficients for real Grassmannians). The equivariant
Littlewood-Richardson coefficients for real Grassmannian G2k(R2n) satisfy
σSσS′ =
∑
S′′
Sq(NS
′′
S,S′)σS′′
where Sq(NS
′′
S,S′) ∈ Q[α21, . . . , α2n] is obtained from NS
′′
S,S′ by replacing αi to be α
2
i .
Remark 5.19. Since Sq keeps constant term unchanged, the Littlewood-Richardson rules for ordinary cohomol-
ogy of complex Grassmannian Gk(Cn) and real Grassmannian G2k(R2n) are the same.
5.2. Leray-Borel description of real Grassmannians. Similar to Leray-Borel description of equivariant
(ordinary) cohomology of complex Grassmannians using equivariant (ordinary) Chern classes, we will show
there is a Leray-Borel description of equivariant (ordinary) cohomology of real Grassmannians using equivariant
(ordinary) Pontryagin classes.
5.2.1. Equivariant Pontryagin classes. The Tn actions on R2n = ⊕ni=1R2[αi], R2n+1 = (⊕ni=1R2[αi]) ⊕ R0 and
R2n+2 = (⊕ni=1R2[αi]) ⊕ R20 induce actions on G2k(R2n), G2k(R2n+1), G2k+1(R2n+1) and G2k+1(R2n+2). These
actions induce further actions on the canonical bundles γ and complementary bundles γ¯ over those Grassman-
nians. Then we can consider their equivariant Pontryagin classes pT = pT (γ) and p¯T = pT (γ¯).
First, let’s compute a warm-up example of equivariant Pontryagin classes.
Lemma 5.20. The total equivariant Pontryagin class of the vector space R2[α] with weight [α] ∈ t∗Z/± 1 over a
point is 1 + α2.
Proof. Think of the elements of R2[α] as 2× 1 column vectors. For a Lie algebra element ξ ∈ t, the action of its
group element exp(ξ) ∈ T on R2[α] is given as a 2× 2 real matrix(
cos(α(ξ)) − sin(α(ξ))
sin(α(ξ)) cos(α(ξ))
)
or
(
cos(α(ξ)) sin(α(ξ))
− sin(α(ξ)) cos(α(ξ))
)
.
Tensoring R2[α] over R-coefficients with C means that we can treat the above real matrices as complex matrices.
Since both of them have the same characteristic function λ2−2 cos(α(ξ))λ+ 1 = (λ− e
√−1α(ξ))(λ− e−
√−1α(ξ)),
the two real matrices have the same diagonalization over C-coefficients:(
e
√−1α(ξ) 0
0 e−
√−1α(ξ)
)
i.e. the T -action on the complex vector space R2[α] ⊗R C has weights α and −α. Therefore, cT (R2[α] ⊗R C) =
(1− α)(1 + α) = 1− α2. Following Milnor-Stasheff’s convention of signs, we get pT (R2[α]) = 1 + α2. 
Second, let’s specify the equivariant Pontryagin classes of canonical bundles, complementary bundles and
tangent bundles of real Grassmannians in GKM description at each fixed point or circle of the real Grassman-
nians.
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Proposition 5.21. For all the four real Grassmannians G2k(R2n), G2k(R2n+1), G2k+1(R2n+1) and G2k+1(R2n+2)
with Tn-actions, the equivariant Pontryagin classes pT = pT (γ) and p¯T = pT (γ¯) of the canonical bundle and
complementary bundle localized at each fixed point or circle indexed as a k-element subset S ∈ {1, . . . , n} are
pT |S = pT (γ|S) =
∏
i∈S
(1 + α2i )
p¯T |S = pT (γ¯|S) =
∏
j 6∈S
(1 + α2j )
with the relation pT p¯T =
∏n
i=1(1 + α
2
i ). The equivariant Pontryagin classes of the tangent bundles are given at
each fixed point or circle S as
pT (TG2k(R2n))|S =
∏
i∈S
∏
j 6∈S
[
(1 + (αj − αi)2)(1 + (αj + αi)2)
]
pT (TG2k(R2n+1))|S =
∏
i∈S
∏
j 6∈S
[
(1 + (αj − αi)2)(1 + (αj + αi)2)
]∏
i∈S
(1 + α2i )
pT (TG2k+1(R2n+1))|S =
∏
i∈S
∏
j 6∈S
[
(1 + (αj − αi)2)(1 + (αj + αi)2)
]∏
j 6∈S
(1 + α2j )
pT (TG2k+1(R2n+2))|S =
∏
i∈S
∏
j 6∈S
[
(1 + (αj − αi)2)(1 + (αj + αi)2)
]∏
i∈S
(1 + α2i )
∏
j 6∈S
(1 + α2j ).
Proof. For G2k(R2n), at each fixed point S, we have γ|S = ⊕i∈SR2[αi] and γ¯|S = ⊕j 6∈SR2[αj ], and furthermore
γ|S⊕ γ¯|S = ⊕ni=1R2[αi]. The claimed expressions of the localized Pontryagin classes then follow from the Lemma
5.20. The cases of G2k(R2n+1), G2k+1(R2n+1) and G2k+1(R2n+2) are similar. For the Pontryagin classes of the
tangent bundles localized at each fixed point or circle, we can apply Lemma 5.20 to the weight decompositions
(see Subsubsection 5.1.2) of tangent bundles at each fixed point or circle. 
5.2.2. Characteristic basis of real Grassmannians. Think of pT and p¯T as elements of the embedded image of
H∗Tn(G2k(R2n)) in H∗Tn(Gk(Cn)) using GKM description on the Johnson graph J(n, k). If we compare the
localized expressions of pT and p¯T with cT and c¯T in Subsection 4.3, we get the formula
pT = Sq(cT ) p¯T = Sq(c¯T )
where the homomorphism Sq is defined in Theorem 5.15.
Recall in Subsection 4.3, we discussed the transformationsK, K¯ between the characteristic monomials (cT )I =
(cT1 )
i1 · · · (cTk )ik in Leray-Borel description and the canonical classes τS in GKM description:
(cT )I =
∑
S
KISτS
τS =
∑
I
K¯SI (c
T )I
where KIS , K¯
S
I ∈ Q[α1, . . . , αn]. Apply the homomorphism Sq and recall σS = Sq(τS) from Theorem 5.15, then
(pT )I =
∑
S
Sq(KIS)σS
σS =
∑
I
Sq(K¯SI )(p
T )I
where Sq(KIS), Sq(K¯
S
I ) ∈ Q[α1, . . . , αn].
Since {σS} give a basis of H∗Tn(G2k(R2n)), the above transformations imply:
LOCALIZATION OF EQUIVARIANT COHOMOLOGY RINGS OF REAL GRASSMANNIANS 19
Theorem 5.22 (Equivariant characteristic basis of real Grassmannians). The set of monomials (pT1 )
r1(pT2 )
r2 · · · (pTk )rk
satisfying the condition
∑k
i=1 ri 6 n−k forms an additive H∗T (pt)-basis for H∗Tn(G2k(R2n)) ∼= H∗Tn(G2k(R2n+1)) ∼=
H∗Tn(G2k+1(R2n+1)). Together with the set of monomials rT · (pT1 )r1(pT2 )r2 · · · (pTk )rk , they form an additive
H∗T (pt)-basis for H
∗
Tn(G2k+1(R2n+2)).
Now we can give the Leray-Borel description for equivariant cohomology of real Grassmannians.
Theorem 5.23 (Equivariant Leray-Borel description of even dimensional real Grassmannians). For the even
dimensional real Grassmannians G2k(R2n), G2k(R2n+1) and G2k+1(R2n+1) with Tn-actions, their equivariant
cohomology is the same:
H∗T (G2k(R2n),Q) ∼=
Q[α1, α2, . . . , αn][pT1 , pT2 , . . . , pTk ; p¯T1 , p¯T2 , . . . , p¯Tn−k]
pT p¯T =
∏n
i=1(1 + α
2
i )
.
Proof. Apply the Sq to the generators and relations in the Leray-Borel description of H∗T (Gk(Cn)). 
Theorem 5.24 (Equivariant Leray-Borel description of odd dimensional real Grassmannians). For the odd
dimensional real Grassmannian G2k+1(R2n+2) with Tn-actions, the equivariant cohomology is:
H∗T (G2k+1(R2n+2),Q) ∼=
Q[α1, α2, . . . , αn][pT1 , pT2 , . . . , pTk ; p¯T1 , p¯T2 , . . . , p¯Tn−k; rT ]
pT p¯T =
∏n
i=1(1 + α
2
i ), (r
T )2 = 0
.
For a Tn-equivariantly formal space M , we can recover the ordinary cohomology from the equivariant co-
homology by H∗(M,Q) = H∗T (M,Q) ⊗Q[α1,...,αn] Q where Q has a Q[α1, . . . , αn]-algebra structure from the
constant-term morphism Q[α1, . . . , αn]→ Q : f(α1, . . . , αn) 7→ f(0). Therefore, the above Theorem 5.22, 5.23,
5.24 have ordinary versions by ignoring the αi.
Let r ∈ H2n+1(G2k+1(R2n+2),Q) be the ordinary image of the rT ∈ H2n+1T (G2k+1(R2n+2),Q).
Corollary 5.25 (Ordinary characteristic basis of real Grassmannians). The set of monomials (p1)
r1(p2)
r2 · · · (pk)rk
satisfying the condition
∑k
i=1 ri 6 n − k forms an additive basis for H∗(G2k(R2n)) ∼= H∗(G2k(R2n+1)) ∼=
H∗(G2k+1(R2n+1)). Together with the set of monomials r · (p1)r1(p2)r2 · · · (pk)rk , they form an additive basis
for H∗(G2k+1(R2n+2)).
Corollary 5.26 (Ordinary Leray-Borel description of real Grassmannians). For the even dimensional real
Grassmannians G2k(R2n), G2k(R2n+1) and G2k+1(R2n+1), their cohomology is the same:
Q[p1, p2, . . . , pk; p¯1, p¯2, . . . , p¯n−k]
pp¯ = 1
.
For the odd dimensional real Grassmannian G2k+1(R2n+2), the cohomology is:
Q[p1, p2, . . . , pk; p¯1, p¯2, . . . , p¯n−k; r]
pp¯ = 1, r2 = 0
where r ∈ H2n+1(G2k+2(R2n+2),Q) is the ordinary image of the rT ∈ H2n+1T (G2k+2(R2n+2),Q).
Remark 5.27. This explicit Leray-Borel description for the real Grassmannians is stated in Casian&Kodama
[CK]. The even dimensional case is a special case of the Leray-Borel description, and the odd dimensional case
is due to Takeuchi [Ta62].
Remark 5.28. For n 6 7, the ordinary cohomology groups of Gk(Rn) in Z coefficients were computed by
Jungkind [Ju79].
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6. Equivariant cohomology rings of oriented Grassmannians
In this section, we give the GKM description and Leray-Borel description of equivariant cohomology rings of
oriented Grassmannians, together with the characteristic basis of the additive structure. We use the notation
G˜k(Rn) for the Grassmannian of k-dimensional oriented subspaces in Rn.
The Plu¨cker embedding of an oriented Grassmannian can be given as follows: for V ∈ G˜k(Rn), we can choose
an ordered orthonormal basis v1, . . . , vk of V , then the well-defined wedge product v1 ∧ · · · ∧ vk ∈ G˜1(∧kRn) =
S(∧kRn) in the unit sphere of ∧kRn gives the embedding G˜k(Rn) ↪→ S(∧kRn).
Similar to the case of real Grassmannians, we can consider the Tn-action on R2n = ⊕ni=1R2[αi], R2n+1 =
(⊕ni=1R2[αi]) ⊕ R0 and R2n+2 = (⊕ni=1R2[αi]) ⊕ R20 for their decompositions into weighted subspaces, where
α1, . . . , αn are the standard basis of t
∗
Z. These actions induce T
n actions on G˜2k(R2n), G˜2k(R2n+1), G˜2k+1(R2n+1)
and G˜2k+1(R2n+2). More specifically, each t ∈ T maps v1 ∧ · · · ∧ vl where l = 2k, 2k + 1, to t · v1 ∧ · · · ∧ t · vl,
and it is easy to check the map is independent from the choice of a positive orthonormal basis v1, . . . , vk.
Also since there are natural Tn-diffeomorphisms G˜2k(R2n+1) ∼= G˜2n−2k+1(R2n+1) identifying the second and
the third types of real Grassmannians, in some discussions we will only consider the three cases of G˜2k(R2n),
G˜2k(R2n+1) and G˜2k+1(R2n+2).
6.1. Oriented Grassmannians as 2-covers over real Grassmannians. There are natural 2-coverings of
oriented Grassmannians over real Grassmannians pi : G˜k(Rn)→ Gk(Rn) : v1∧· · ·∧vk 7→ SpanR(v1, . . . , vk) which
induces a pull-back morphism pi∗ : H∗(Gk(Rn))→ H∗(G˜k(Rn)) between their cohomology. The non-trivial deck
transformation is defined by reversing orientations ρ : G˜k(Rn)→ G˜k(Rn) : v1∧· · ·∧vk 7→ −(v1∧· · ·∧vk) which
induces an isomorphism ρ∗ : H∗(G˜k(Rn))→ H∗(G˜k(Rn)). Both pi and ρ commute with the T -actions that we
introduced on the oriented Grassmannians and real Grassmannians.
For covering maps between compact spaces, or equivalently for free actions of finite groups, there is a well-
known fact relating their cohomology in rational coefficients:
Lemma 6.1. Let pi : X → Y be a covering between compact topological spaces with a finite deck transformation
group G which also acts on the cohomology H∗(X,Q). Then pi∗ : H∗(Y,Q)→ H∗(X,Q) is injective with image
H∗(X,Q)G. This conclusion is also true for equivariant cohomology if a torus T acts on X and commutes with
the action of G.
Proof. For a cocycle c of X, the averaged cocycle 1|G|
∑
g∈G gc is invariant under G-action, hence comes from
a cocycle of Y . Consider the averaging map pi∗ : H∗(X,Q) → H∗(Y,Q) : [c] 7→ 1|G| [
∑
g∈G gc], then the
composition pi∗pi∗ is the identity map on H∗(Y,Q), hence pi∗ is injective. Note that every cohomology class in
H∗(X,Q)G can be represented by a G-invariant cocycle using the averaging method. This proves the image of
pi∗ is exactly H∗(X,Q)G.
For the Tn-equivariant version, though the Borel construction X ×Tn (S∞)n, Y ×Tn (S∞)n is not compact,
we can apply the ordinary version of current Lemma to the compact approximations X×Tn (SN )n, Y ×Tn (SN )n
for N →∞. 
Remark 6.2. For the averaging method to work, we can relax the Q coefficients to be any coefficient ring that
contains 1|G| . In R coefficients, the ordinary and equivariant de Rham theory together with the averaging method
give a proof without using compact approximations.
Applying this Lemma to the oriented Grassmannians as T -equivariant 2-covers over real Grassmannians, we
get
Proposition 6.3. The pull-back morphisms of ordinary and equivariant cohomology
pi∗ : H∗(Gk(Rn)) ↪→ H∗(G˜k(Rn)) and H∗T (Gk(Rn)) ↪→ H∗T (G˜k(Rn))
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are both injective. Moreover,
pi∗(H∗(Gk(Rn))) = H∗(G˜k(Rn))Z/2 and pi∗(H∗T (Gk(Rn))) = H∗T (G˜k(Rn))Z/2
identifies cohomology of real Grassmannians as the Z/2-invariant subrings of cohomology of oriented Grass-
mannians, or equivalently as the +1-eigenspaces of ρ∗ on cohomology of oriented Grassmannians.
For odd dimensional oriented Grassmannian G˜2k+1(R2n+2), the deck transformation ρ : G˜2k+1(R2n+2) →
G˜2k+1(R2n+2) : v1 ∧ · · · ∧ v2k+1 7→ −(v1 ∧ · · · ∧ v2k+1) = (−v1) ∧ · · · ∧ (−v2k+1) is induced from the antipodal
map A : R2n+2 → R2n+2 : v 7→ −v which is homotopic to the identity map on R2n+2 via
cos θ − sin θ
sin θ cos θ
. . .
cos θ − sin θ
sin θ cos θ

which is actually Tn-equivariant and further induces Tn-equivariant homotopy between ρ and id on G˜2k+1(R2n+2).
Theorem 6.4 (Relations between odd dimensional oriented and real Grassmannians). Since ρ∗ = id on ordinary
and equivariant cohomology of odd dimensional oriented Grassmannians, we have
H∗(G˜2k+1(R2n+2)) = H∗(G˜2k+1(R2n+2))Z/2 ∼= H∗(G2k+1(R2n+2))
H∗T (G˜2k+1(R2n+2)) = H∗T (G˜2k+1(R2n+2))Z/2 ∼= H∗T (G2k+1(R2n+2)).
Corollary 6.5. The Poincare´ series of G˜2k+1(R2n+2) are
PG˜2k+1(R2n+2)(t) = PG2k+1(R2n+2)(t) = (1 + t
2n+1)PGk(Cn)(t
2).
The relations between cohomology of oriented and real Grassmannians in even dimensions are more delicate.
In next two subsections, we will try to understand the ρ∗-action on finer structures of the cohomology rings of
oriented Grassmannians.
6.2. GKM description of oriented Grassmannians. The GKM description of oriented Grassmannians is
very similar to that of real Grassmannians in previous section. Hence most of the details will be omitted but
referred to those of real Grassmannians.
6.2.1. Orientations and Euler classes of canonical bundle and complementary bundle. The preferred orientation
on every oriented k-dimensional subspace in Rn brings new invariants.
For example, the Tn-fixed points of G˜2k(R2n) as 2k-dimensional Tn-subrepresentation of R2n = ⊕ni=1R2[αi]
are of the form ⊕i∈SR2[αi] where S is a k-element subset of {1, 2, . . . , n}. Though an orientation on ⊕i∈SR2[αi]
can not specify the signs of the individual weights αi, i ∈ S, it does specify the sign of the product of weights as
either
∏
i∈S αi or −
∏
i∈S αi, which is exactly the equivariant Euler class of an oriented T -representation over
a point. We will denote VS+ , VS− for the T -subrepresentation ⊕i∈SR2[αi] with equivariant Euler classes eT as∏
i∈S αi,−
∏
i∈S αi respectively. Similarly, for G˜2k((⊕ni=1R2[αi])⊕R0) we can introduce the same notations with
the fixed points VS± = (⊕i∈SR2[αi],±
∏
i∈S αi).
For G˜2k+1((⊕ni=1R2[αi])⊕ R0), the fixed points are of the form (⊕i∈SR2[αi])⊕ R0 which has equivariant Euler
class 0 because of the 0-weight space R0. But an orientation on (⊕i∈SR2[αi])⊕R0 gives the complementary Tn-
subrepresentation ⊕j 6∈SR2[αj ] an orientation hence an equivariant Euler class e¯T either
∏
j 6∈S αj or −
∏
j 6∈S αj .
We will denote these fixed points as VS± = ((⊕i∈SR2[αi])⊕ R0,±
∏
j 6∈S αj).
For G˜2k+1((⊕ni=1R2[αi])⊕R20), a fixed component is of the form C˜S = {(⊕i∈SR2[αi])⊕L0 | L0 ∈ G˜1(R20)} ∼= S1.
Since both (⊕i∈SR2[αi])⊕ L0 and its complement (⊕j 6∈SR2[αj ])⊕ L⊥0 have a 0-weight part, the equivariant Euler
classes of both Tn-subrepresentations are 0.
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6.2.2. 1-skeleta. We can describe the 1-skeleta of oriented Grassmannians:
Proposition 6.6 (1-skeleta of oriented Grassmannians). The fixed points, isotropy weights and 1-skeletons of
oriented Grassmannians can be given as
(1) For G˜2k(R2n), there are 2
(
n
k
)
fixed points of the form VS± = (⊕i∈SR2[αi],±
∏
i∈S αi), where S is a k-
element subset of {1, 2, . . . , n}. The isotropy weights at both VS± are {[αj ± αi] | i ∈ S, j 6∈ S}, among
which [αj − αi] joins VS± via a 2-sphere to V((Sr{i})∪{j})± , and [αj + αi] joins VS± via a 2-sphere to
V((Sr{i})∪{j})∓ .
(2) For G˜2k(R2n+1), there are 2
(
n
k
)
fixed points of the form VS± = (⊕i∈SR2[αi],±
∏
i∈S αi), where S is a
k-element subset of {1, 2, . . . , n}. The isotropy weights at both VS± are {[αj ±αi] | i ∈ S, j 6∈ S}∪{[αi] |
i ∈ S}, among which [αj − αi] joins VS± via a 2-sphere to V((Sr{i})∪{j})± , and [αj + αi] joins VS± via
a 2-sphere to V((Sr{i})∪{j})∓ , and [αi] joins VS+ via a 2-sphere to VS− .
(3) For G˜2k+1(R2n+1), there are 2
(
n
k
)
fixed points of the form VS± = ((⊕i∈SR2[αi])⊕R0,±
∏
j 6∈S αj), where
S is a k-element subset of {1, 2, . . . , n}. The isotropy weights at both VS± are {[αj ± αi] | i ∈ S, j 6∈
S} ∪ {[αj ] | j 6∈ S}, among which [αj − αi] joins VS± via a 2-sphere to V((Sr{i})∪{j})± and [αj + αi]
joins VS± via a 2-sphere to V((Sr{i})∪{j})∓ , and [αj ] joins VS+ via a 2-sphere to VS− .
(4) For G˜2k+1(R2n+2), there are
(
n
k
)
fixed circles of the form C˜S = {(⊕i∈SR2[αi])⊕L0 | L0 ∈ G˜1(R20)} ∼= S1,
where S is a k-element subset of {1, 2, . . . , n}. The isotropy weights at C˜S are {[αj ± αi] | i ∈ S, j 6∈
S} ∪ {[αi] | i ∈ S} ∪ {[αj ] | j 6∈ S}, among which both [αj + αi] and [αj − αi] join C˜S via a S2 × S1 to
C˜(Sr{i})∪{j}, and [αi], [αj ] join C˜S via a S3 to no other fixed circles.
Proof. Similar to the case of real Grassmannians. 
6.2.3. GKM graphs of oriented Grassmannians. Using the 1-skeleta of oriented Grassmannians, we can construct
their GKM graphs:
Example 6.7. We will give some examples of GKM graphs for G˜k(Rn) when k or n is small.
(1) S2n as G˜1(R2n+1) or G˜2n(R2n+1)
v0+ v0−
[α1]
[α2]
[αn]
(a) GKM graph for S2n
v0+ v0−
[∏n
i=1 αi
]
(b) Condensed GKM graph for S2n
Figure 7. GKM graphs for S2n
(2) S2n+1 as G˜1(R2n+2) or G˜2n+1(R2n+2)
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C˜0
[α1]
[α2]
[αn]
(a) GKM graph for S2n+1
C˜0
[∏n
i=1 αi
]
(b) Condensed GKM graph for S2n+1
Figure 8. GKM graphs for S2n+1
(3) G˜2(R4), G˜2(R5), G˜3(R5) as G˜2k(R2n), G˜2k(R2n+1), G˜2k+1(R2n+1) when k = 1, n = 2.
v1+ v1−
v2+
v2−
[α2 − α1]
[α2 + α1] [α2 − α1]
[α2 + α1]
(a) GKM graph for G˜2(R4)
v1+ v1−
v2+
v2−
[α2 − α1]
[α2 + α1] [α2 − α1]
[α2 + α1]
[α1]
[α2]
(b) GKM graph for G˜2(R5)
v1+ v1−
v2+
v2−
[α2 − α1]
[α2 + α1] [α2 − α1]
[α2 + α1]
[α2]
[α1]
(c) GKM graph for G˜3(R5)
Figure 9. GKM graphs for G˜2(R4), G˜2(R5), G˜3(R5)
(4) G˜3(R6) as G˜2k+1(R2n+2) when k = 1, n = 2.
C˜1 C˜2
[α2 + α1]
[α2 − α1]
[α1]
[α2]
[α1]
[α2]
(a) GKM graph for G˜3(R6)
C˜1 C˜2[α
2
2 − α21][α1α2] [α1α2]
(b) Condensed GKM graph for G˜3(R6)
Figure 10. GKM graphs for G˜3(R6)
6.2.4. Formality, cohomology and canonical basis of oriented Grassmannians.
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Proposition 6.8 (Equivariant formality of torus actions on oriented Grassmannians). The Tn-actions on all
the four types of oriented Grassmannians G˜2k(R2n), G˜2k(R2n+1), G˜2k+1(R2n+1), G˜2k+1(R2n+2) are equivariantly
formal. All the four oriented Grassmannians have the same total Betti number 2
(
n
k
)
.
Proof. The even dimensional oriented Grassmannians G˜2k(R2n), G˜2k(R2n+1), G˜2k+1(R2n+1) can be viewed as
homogeneous spaces of the form G/H with H a compact connected Lie subgroup and of the same rank as the
connected compact Lie group G. As shown in [GHZ06], the actions of maximal tori on these homogeneous
spaces are equivariantly formal. Their total Betti numbers are the same as their Euler characteristic numbers
|WG/WH | where WG,WH are the Weyl groups of G and H. Alternatively, we can compute the total Betti
number as the number of fixed points given in Theorem 6.6, namely 2
(
n
k
)
. The odd dimensional oriented
Grassmannian G˜2k+1(R2n+2) has the same equivariant cohomology as the real Grassmannian G2k+1(R2n+2),
hence is also equivariantly formal with total Betti number 2
(
n
k
)
. 
After verifying GKM conditions and equivariant formality, we can give the GKM description of the torus
actions on G˜k(Rn) by applying the even dimensional GKM Theorem as in Guillemin, Holm and Zara [GHZ06]
and the odd dimensional GKM-type Theorem 3.9.
Theorem 6.9 (GKM description of equivariant cohomology of oriented Grassmannians). The following con-
gruence relations are given for any two k-element subsets S, S′ ⊂ {1, . . . , n} differed by one element with
S ∪ {j} = S′ ∪ {i}.
(1) For the oriented Grassmannian G˜2k(R2n), an element of equivariant cohomology is a set of polynomials
fS± ∈ Q[α1, . . . , αn] to each vertex S± such that
(a) fS+ ≡ fS′+ , fS− ≡ fS′− mod αj − αi
(b) fS+ ≡ fS′− , fS− ≡ fS′+ mod αj + αi.
(2) For the oriented Grassmannian G˜2k(R2n+1), an element of equivariant cohomology is a set of polyno-
mials fS± ∈ Q[α1, . . . , αn] to each vertex S± such that
(a) fS+ ≡ fS′+ , fS− ≡ fS′− mod αj − αi
(b) fS+ ≡ fS′− , fS− ≡ fS′+ mod αj + αi
(c) fS+ ≡ fS− mod
∏
i′∈S αi′ .
(3) For the oriented Grassmannian G˜2k+1(R2n+1), an element of equivariant cohomology is a set of poly-
nomials fS± ∈ Q[α1, . . . , αn] to each vertex S± such that
(a) fS+ ≡ fS′+ , fS− ≡ fS′− mod αj − αi
(b) fS+ ≡ fS′− , fS− ≡ fS′+ mod αj + αi
(c) fS+ ≡ fS− mod
∏
j′ 6∈S αj′ .
(4) For the odd dimensional oriented Grassmannian G˜2k+1(R2n+2) with Tn-action, an element of equivari-
ant cohomology is a set of polynomial pairs (fS , gSθ) to each ◦-vertex S where θ is the unit volume form
of S1 such that
(a) gS ≡ 0 mod
∏n
i=1 αi
(b) fS ≡ fS′ , gS ≡ gS′ mod α2j − α2i .
For odd dimensional oriented Grassmannians, the induced deck transformation ρ∗ : H∗T (G˜2k+1(R2n+2)) →
H∗T (G˜2k+1(R2n+2)) is the identity map hence acts trivially on the GKM description. Solving the same set of con-
gruence equations as in Theorem 5.13 ofH∗T (G2k+1(R2n+2)), we will also get an element r˜T ∈ H∗T (G˜2k+1(R2n+2))
in GKM description localized at a fixed circle C˜S = {(⊕i∈SR2[αi]) ⊕ L0 | L0 ∈ G˜1(R20)} ∼= S1 to be r˜TS =
(
∏n
i=1 αi)θS1 similar to the r
T ∈ H∗T (G2k+1(R2n+2)) localized at CS = {(⊕i∈SR2[αi])⊕L0 | L0 ∈ G1(R20)} ∼= RP 1
to be rTS = (
∏n
i=1 αi)θRP 1 , where θS1 and θRP 1 are the unit volume forms of S
1 and RP 1 respectively.
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Proposition 6.10 (Canonical basis of H∗T (G˜2k+1(R2n+2))). Let σS∈S be the canonical basis of H∗T (G2k(R2n))
from Theorem 5.15 and r˜TS =
∏n
i=1 αiθS1 be the odd-degree generator. Then σS , r˜
T ·σS give additive Q[α1, . . . , αn]-
basis of H∗T (G˜2k+1(R2n+2)).
However, there is a subtlety for the pullback pi∗ : H∗T (G2k+1(R2n+2)) → H∗T (G˜2k+1(R2n+2)) though this is
an isomorphism. The 2-fold covering pi : G˜2k+1(R2n+2) → G2k+1(R2n+2) restricts to a 2-fold covering of fixed
circles pi : (C˜S ∼= S1) → (CS ∼= RP 1) which will give the localized pullback pi∗(θRP 1) = 2θS1 . Hence we get
pi∗(rT ) = 2r˜T .
Proposition 6.11 (The explicit pullback of cohomology between odd dimensional Grassmannians). In the
canonical basis, the pullback of cohomology of odd dimensional Grassmannian is
pi∗ : H∗T (G2k+1(R2n+2)) −→ H∗T (G˜2k+1(R2n+2))
σS 7−→ σS
rT·σS 7−→ 2r˜T·σS .
For the even dimensional oriented Grassmannians, the deck transformation ρ : G˜k(Rn) → G˜k(Rn) switches
any fixed point S+ with its twin fixed point S− by reversing orientations. Then the induced deck transformation
ρ∗ : H∗T (G˜k(Rn)) → H∗T (G˜k(Rn)) in GKM description will switch any polynomial fS+ with fS− . Notice the
symmetry in the GKM descriptions, we see that the switch of polynomials preserves the congruence relations.
Since (ρ∗)2 = id, both cohomology H∗(G˜k(Rn)), H∗T (G˜k(Rn)) decompose into ±1-eigenspaces of ρ∗.
Proposition 6.12. For the even dimensional oriented Grassmannians G˜2k(R2n), G˜2k(R2n+1), G˜2k+1(R2n+1),
the elements of +1-eigenspace of ρ∗ on the equivariant cohomology can be identified as those sets of polynomials
{fS± , S ∈ S} where S is the collection of k-element subsets of {1, . . . , n} such that
fS+ = fS−
and the elements of −1-eigenspace of ρ∗ are those with
fS+ = −fS− .
Remark 6.13. As we have proved before, the +1-eigenspaces of ρ∗ on the equivariant cohomology of oriented
Grassmannians are exactly the equivariant cohomology of real Grassmannians.
Recall that we defined equivariant Euler classes at each fixed point S for G˜2k(R2n), G˜2k(R2n+1) to be eTS± =
±∏i∈S αi and for G˜2k(R2n), G˜2k+1(R2n+1) to be e¯TS± = ±∏j 6∈S αj . It is easy to check that {eTS± , S ∈ S}
and {e¯TS± , S ∈ S} are elements of the GKM description of the corresponding equivariant cohomology. Since ρ
changes the signs of orientations, ρ∗ changes the signs of the equivariant Euler classes. Therefore, {eTS± , S ∈ S}
and {e¯TS± , S ∈ S} are in the −1-eigenspaces of ρ∗. Topologically, the localized classes eT , e¯T in GKM description
are exactly the equivariant Euler classes of the canonical oriented bundles and complementary oriented bundles
over the oriented Grassmannians.
Proposition 6.14 (Equivariant Euler class and top equivariant Pontryagin class). Similar to the relations
between ordinary Euler class and top ordinary Pontryagin class,
(1) For G˜2k(R2n) and G˜2k(R2n+1), we have (eT )2 = pTk
(2) For G˜2k(R2n) and G˜2k+1(R2n+1), we have (e¯T )2 = p¯Tn−k
(3) For G˜2k(R2n), we have eT e¯T =
∏n
i=1 αi
Proof. Let’s prove this for G˜2k(R2n) which covers the remaining cases of G˜2k(R2n+1), G˜2k+1(R2n+1). In Propo-
sition 5.21, we have given the localized top equivariant Pontryagin classes of real Grassmannians as
pTk |S =
∏
i∈S
α2i p¯
T
n−k|S =
∏
j 6∈S
α2j .
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Via the pullback pi∗ : H∗T (G2k(R2n)) → H∗T (G˜2k(R2n)), the equivariant Pontryagin classes of G2k(R2n) are
identified as those of G˜2k(R2n), and are in the +1-eigenspaces of ρ∗. Therefore
pTk |S± =
∏
i∈S
α2i p¯
T
n−k|S± =
∏
j 6∈S
α2j .
Comparing them with
eTS± = ±
∏
i∈S
αi e¯
T
S± = ±
∏
j 6∈S
αj
we get the stated relations. 
The induced deck transformation ρ∗ is a ring homomorphism, therefore the multiplication of an element in
the −1-eigenspace with an element in the +1-eigenspace results in the −1-eigenspace.
Proposition 6.15. Multiplication with the equivariant Euler classes eT , e¯T maps +1-eigenspaces of ρ∗ to −1-
eigenspaces.
(1) For G˜2k(R2n+1), the multiplication with eT is an isomorphism between +1-eigenspace of ρ∗ to its −1-
eigenspace.
(2) For G˜2k+1(R2n+1), the multiplication with e¯T is an isomorphism between +1-eigenspace of ρ∗ to its
−1-eigenspace.
Proof. For G˜2k(R2n+1), denote V+1 and V−1 be the +1 and −1-eigenspaces of ρ∗ on H∗T (G˜2k(R2n+1)). The fact
that eT is in the −1-eigenspace gives the multiplication ×eT : V+1 → V−1. On the other hand, every element
{fS± , S ∈ S} of V−1 has the form fS+ = −fS− by Prop 6.12. Plug this into the congruence relation between
S+ and S− in Theorem 6.9, we get
fS+ ≡ fS− = −fS+ mod
∏
i∈S
αi
or equivalently, both fS+ and fS− are multiples of e
T
S± = ±
∏
i∈S αi. Therefore, the localized quotients
fS+/e
T
S+
, fS−/e
T
S− ∈ Q[α1, . . . , αn] are polynomials, and this defines a unique element f/eT ∈ V+1.
The case of G˜2k+1(R2n+1) is similar. 
Remark 6.16. For G˜2k(R2n), neither the multiplication by eT nor by e¯T are isomorphisms between the +1 and
−1-eigenspaces of ρ∗. We will try to understand the equivariant cohomology of G˜2k(R2n) in next subsection.
The above isomorphism between eigenspaces of ρ∗, together with the canonical basis σS of H∗T (G2k(R2n+1))
and H∗T (G2k+1(R2n+1)), give
Proposition 6.17 (Canonical basis of H∗T (G˜2k(R2n+1)), H∗T (G˜2k+1(R2n+1))). Let σS∈S be the canonical basis
of H∗T (G2k(R2n+1)) and H∗T (G2k+1(R2n+1)) from Theorem 5.15. Then σS , eT · σS and σS , e¯T · σS give additive
Q[α1, . . . , αn]-basis of H∗T (G˜2k(R2n+1)) and H∗T (G˜2k+1(R2n+1)) respectively.
Corollary 6.18. The Poincare´ series of G˜2k(R2n+1) and G˜2k+1(R2n+1) are
PG˜2k(R2n+1)(t) = (1 + t
2k)PG2k(R2n+1)(t) = (1 + t
2k)PGk(Cn)(t
2)
PG˜2k+1(R2n+1)(t) = (1 + t
2n−2k)PG2k+1(R2n+1)(t) = (1 + t
2n−2k)PGk(Cn)(t
2).
Corollary 6.19 (Relations between some oriented and real Grassmannians). The equivariant cohomology of
G˜2k(R2n+1) and G˜2k+1(R2n+1) are Q[α1, . . . , αn]-algebra extensions by eT , e¯T of the equivariant cohomology of
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G2k(R2n+1) and G2k+1(R2n+1), i.e.
H∗T (G˜2k(R2n+1)) ∼=
H∗T (G2k(R2n+1))[eT ]
(eT )2 = pTk
H∗T (G˜2k+1(R2n+1)) ∼=
H∗T (G2k+1(R2n+1))[e¯T ]
(e¯T )2 = p¯Tn−k
.
Proof. Using Prop 6.14, 6.17 and dimension counting. 
6.3. Leray-Borel description of oriented Grassmannians. In this subsection, we will confirm the ring
generators of equivariant cohomology of oriented Grassmannians to be characteristic classes, then determine
the complete relations among them, and also give additive basis.
6.3.1. Leray-Borel description of G˜2k(R2n+1), G˜2k+1(R2n+1), G˜2k+1(R2n+2). From Theorem 6.4 and Theorem
6.19, we have seen that equivariant cohomology rings of G˜2k(R2n+1), G˜2k+1(R2n+1) and G˜2k+1(R2n+2) are
ring extensions of the equivariant cohomology of their real counterparts. Hence the equivariant Leray-Borel
descriptions and equivariant characteristic basis of those oriented Grassmannians can be extended from the
related real Grassmannians.
Theorem 6.20 (Equivariant Leray-Borel description of G˜2k(R2n+1), G˜2k+1(R2n+1), G˜2k+1(R2n+2)). The equi-
variant cohomology rings of G˜2k(R2n+1), G˜2k+1(R2n+1), G˜2k+1(R2n+2) are generated by equivariant Pontryagin
and Euler classes, and an odd-degree class r˜T :
H∗T (G˜2k(R2n+1)) ∼=
Q[α1, α2, . . . , αn][pT1 , pT2 , . . . , pTk ; p¯T1 , p¯T2 , . . . , p¯Tn−k; eT ]
pT p¯T =
∏n
i=1(1 + α
2
i ), (e
T )2 = pTk
H∗T (G˜2k+1(R2n+1)) ∼=
Q[α1, α2, . . . , αn][pT1 , pT2 , . . . , pTk ; p¯T1 , p¯T2 , . . . , p¯Tn−k; e¯T ]
pT p¯T =
∏n
i=1(1 + α
2
i ), (e¯
T )2 = p¯Tn−k
H∗T (G˜2k+1(R2n+2)) ∼=
Q[α1, α2, . . . , αn][pT1 , pT2 , . . . , pTk ; p¯T1 , p¯T2 , . . . , p¯Tn−k; r˜T ]
pT p¯T =
∏n
i=1(1 + α
2
i ), (r˜
T )2 = 0
.
Theorem 6.21 (Equivariant characteristic basis of G˜2k(R2n+1), G˜2k+1(R2n+1), G˜2k+1(R2n+2)). The sets of
monomials {(pT1 )r1(pT2 )r2 · · · (pTk )rk , eT ·(pT1 )r1(pT2 )r2 · · · (pTk )rk}, {(pT1 )r1(pT2 )r2 · · · (pTk )rk , e¯T ·(pT1 )r1(pT2 )r2 · · · (pTk )rk}
and {(pT1 )r1(pT2 )r2 · · · (pTk )rk , r˜T · (pT1 )r1(pT2 )r2 · · · (pTk )rk} satisfying the condition
∑k
i=1 ri 6 n−k form additive
H∗T (pt)-basis for H
∗
T (G˜2k(R2n+1)), H∗T (G˜2k+1(R2n+1)), H∗T (G˜2k+1(R2n+2)) respectively.
The above two theorems of equivariant ring generators and equivariant additive basis both have their ordinary
versions by replacing αi with 0.
Corollary 6.22 (Ordinary Leray-Borel description of G˜2k(R2n+1), G˜2k+1(R2n+1), G˜2k+1(R2n+2)). The ordinary
cohomology rings of G˜2k(R2n+1), G˜2k+1(R2n+1), G˜2k+1(R2n+2) are generated by Pontryagin and Euler classes,
and an odd-degree class r˜:
H∗(G˜2k(R2n+1)) ∼= Q[p1, p2, . . . , pk; p¯1, p¯2, . . . , p¯n−k; e]
pp¯ = 1, e2 = pk
H∗(G˜2k+1(R2n+1)) ∼= Q[p1, p2, . . . , pk; p¯1, p¯2, . . . , p¯n−k; e¯]
pp¯ = 1, e¯2 = p¯n−k
H∗(G˜2k+1(R2n+2)) ∼= Q[p1, p2, . . . , pk; p¯1, p¯2, . . . , p¯n−k; r˜]
pp¯ = 1, r˜2 = 0
.
Corollary 6.23 (Ordinary characteristic basis of G˜2k(R2n+1), G˜2k+1(R2n+1), G˜2k+1(R2n+2)). The sets of mono-
mials {pr11 pr22 · · · prkk , e·pr11 pr22 · · · prkk }, {pr11 pr22 · · · prkk , e¯·pr11 pr22 · · · prkk } and {pr11 pr22 · · · prkk , r˜ ·pr11 pr22 · · · prkk } satis-
fying the condition
∑k
i=1 ri 6 n−k form additive basis for H∗(G˜2k(R2n+1)), H∗(G˜2k+1(R2n+1)), H∗(G˜2k+1(R2n+2))
respectively.
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6.3.2. Leray-Borel description of G˜2k(R2n). Now let’s turn to the remaining type of oriented Grassmannian
G˜2k(R2n). As we remarked in previous subsection, neither the multiplication by eT nor by e¯T are isomorphisms
between eigenspaces of ρ∗. However, we will show the multiplications by eT and e¯T , restricted on certain
carefully chosen subspaces, do give isomorphism between +1 and −1-eigenspaces of ρ∗.
Notice the equivariant diffeomorphism G2k(R2n) ∼= G2n−2k(R2n) by mapping an oriented 2k-dimensional
subspace to its perpendicular oriented (2n− 2k)-dimensional subspace. Then the complementary characteristic
monomials (p¯T1 )
r1(p¯T2 )
r2 · · · (p¯Tn−k)rn−k and p¯r11 p¯r22 · · · p¯rn−kn−k , satisfying the condition
∑n−k
i=1 ri 6 k, give additive
basis for the equivariant and respectively ordinary cohomology of G2k(R2n). Also recall from Prop 6.14 on
the relations among top Pontryagin classes and Euler classes of the oriented Grassmannian G˜2k(R2n) that
(eT )2 = pTk , (e¯
T )2 = p¯Tn−k, e
T e¯T =
∏n
i=1 αi and e
2 = pk, e¯
2 = p¯n−k, ee¯ = 0.
Proposition 6.24 (Eigenspaces of H∗(G˜2k(R2n))). Let ρ be the non-trivial deck transformation of the covering
pi : G˜2k(R2n)→ G2k(R2n) and identify H∗(G2k(R2n)) as the +1-eigenspace of ρ∗ on H∗(G˜2k(R2n)).
(1) The multiplications by eT and e¯T are isomorphisms restricted on the following subspaces
e× : Span(pr11 pr22 · · · prkk |
k∑
i=1
ri 6 n− k − 1)
∼=−→ e · Span(pr11 pr22 · · · prkk |
k∑
i=1
ri 6 n− k − 1)
e¯× : Span(p¯r11 p¯r22 · · · p¯rn−kn−k |
n−k∑
i=1
ri 6 k − 1)
∼=−→ e¯ · Span(p¯r11 p¯r22 · · · p¯rn−kn−k |
n−k∑
i=1
ri 6 k − 1).
(2) e · Span(pr11 pr22 · · · prkk |
∑k
i=1 ri 6 n − k − 1) ⊕ e¯ · Span(p¯r11 p¯r22 · · · p¯rn−kn−k |
∑n−k
i=1 ri 6 k − 1) is the
(−1)-eigenspace of ρ∗
(3) e ·H∗(G2k(R2n))∩ e¯ ·H∗(G2k(R2n)) = 0 and e ·H∗(G2k(R2n))⊕ e¯ ·H∗(G2k(R2n)) is the (−1)-eigenspace
of ρ∗
(4) The kernels of e× and e¯× on H∗(G2k(R2n)) are p¯n−k · Span(p¯r11 p¯r22 · · · p¯rn−kn−k |
∑n−k
i=1 ri 6 k − 1) and
pk · Span(pr11 pr22 · · · prkk |
∑k
i=1 ri 6 n− k − 1) respectively
(5) The following spaces are identical
e · Span(pr11 pr22 · · · prkk |
k∑
i=1
ri 6 n− k − 1) = e · Span(p¯r11 p¯r22 · · · p¯rn−k−1n−k−1 |
n−k−1∑
i=1
ri 6 k) = e ·H∗(G2k(R2n))
e¯ · Span(p¯r11 p¯r22 · · · p¯rn−kn−k |
n−k∑
i=1
ri 6 k − 1) = e¯ · Span(pr11 pr22 · · · prk−1k−1 |
k−1∑
i=1
ri 6 n− k) = e¯ ·H∗(G2k(R2n)).
Proof. Note that the total Betti numbers of H∗(G2k(R2n)) and H∗(G˜2k(R2n)) are
(
n
k
)
and 2
(
n
k
)
respectively,
hence the dimension of the −1-eigenspace of ρ∗ is (nk).
(1) The composition of the surjective linear maps
e× : Span(pr11 pr22 · · · prkk |
k∑
i=1
ri 6 n− k − 1) −→ e · Span(pr11 pr22 · · · prkk |
k∑
i=1
ri 6 n− k − 1)
e× : e · Span(pr11 pr22 · · · prkk |
k∑
i=1
ri 6 n− k − 1) −→ e2 · Span(pr11 pr22 · · · prkk |
k∑
i=1
ri 6 n− k − 1)
is
pk× : Span(pr11 pr22 · · · prkk |
k∑
i=1
ri 6 n− k − 1) −→ pk · Span(pr11 pr22 · · · prkk |
k∑
i=1
ri 6 n− k − 1)
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where we have used the relation e2 = pk. The composition maps a sub-basis of H
∗(G2k(R2n)) onto
another sub-basis without common vectors, hence is a bijection. Therefore, each individual surjection
is a bijection. Similarly, we get the bijection for the restricted e¯×.
(2) We have seen from the above that
e× : e · Span(pr11 pr22 · · · prkk |
k∑
i=1
ri 6 n− k − 1) −→ pk · Span(pr11 pr22 · · · prkk |
k∑
i=1
ri 6 n− k − 1)
is a bijection. However, e× takes e¯ ·H∗(G2k(R2n)) to zero, because ee¯ = 0. Hence
e · Span(pr11 pr22 · · · prkk |
k∑
i=1
ri 6 n− k − 1) ∩ e¯ ·H∗(G2k(R2n)) = 0.
Similarly,
e¯ · Span(p¯r11 p¯r22 · · · p¯rn−kn−k |
n−k∑
i=1
ri 6 k − 1) ∩ e ·H∗(G2k(R2n)) = 0.
Combine these two, we get
e · Span(pr11 pr22 · · · prkk |
k∑
i=1
ri 6 n− k − 1) ∩ e¯ · Span(p¯r11 p¯r22 · · · p¯rn−kn−k |
n−k∑
i=1
ri 6 k − 1) = 0.
However, as a subspace in −1-eigenspace of ρ∗, the sum e · Span(pr11 pr22 · · · prkk |
∑k
i=1 ri 6 n− k − 1)⊕
e¯ · Span(p¯r11 p¯r22 · · · p¯rn−kn−k |
∑n−k
i=1 ri 6 k − 1) has dimension
(
n−1
k
)
+
(
n−1
n−k
)
=
(
n
k
)
the same as dimension
of the entire −1-eigenspace of ρ∗, hence is exactly the −1-eigenspace of ρ∗.
(3) The above series of zero intersections force e·Span(pr11 pr22 · · · prkk |
∑k
i=1 ri 6 n−k−1) = e·H∗(G2k(R2n))
and e¯ · Span(p¯r11 p¯r22 · · · p¯rn−kn−k |
∑n−k
i=1 ri 6 k − 1) = e¯ ·H∗(G2k(R2n)). Hence we get e ·H∗(G2k(R2n)) ∩
e¯ ·H∗(G2k(R2n)) = 0 and e ·H∗(G2k(R2n))⊕ e¯ ·H∗(G2k(R2n)) is the (−1)-eigenspace of ρ∗.
(4) We have proved e · H∗(G2k(R2n)) = e · Span(pr11 pr22 · · · prkk |
∑k
i=1 ri 6 n − k − 1) and they are of
dimension
(
n−1
k
)
. Since H∗(G2k(R2n)) is of dimension
(
n
k
)
, the kernel of e× on H∗(G2k(R2n)) is then of
dimension
(
n
k
)− (n−1k ) = (n−1n−k). Because e · p¯n−k = e · e¯2 = 0, the subspace p¯n−k ·Span(p¯r11 p¯r22 · · · p¯rn−kn−k |∑n−k
i=1 ri 6 k − 1) of dimension
(
n−1
n−k
)
is clearly in the kernel of e× on H∗(G2k(R2n)), hence is exactly
the kernel. Similarly, we obtain the kernel of e¯× on H∗(G2k(R2n)).
(5) The e×-kernel subspace p¯n−k · Span(p¯r11 p¯r22 · · · p¯rn−kn−k |
∑n−k
i=1 ri 6 k − 1) of H∗(G2k(R2n)) has comple-
mentary subspace Span(p¯r11 p¯
r2
2 · · · p¯rn−k−1n−k−1 |
∑n−k−1
i=1 ri 6 k). Hence the restriction
e× : Span(p¯r11 p¯r22 · · · p¯rn−k−1n−k−1 |
n−k−1∑
i=1
ri 6 k) −→ e ·H∗(G2k(R2n))
is bijection, therefore e ·Span(p¯r11 p¯r22 · · · p¯rn−k−1n−k−1 |
∑n−k−1
i=1 ri 6 k) = e ·H∗(G2k(R2n)). The identification
e · Span(pr11 pr22 · · · prkk |
∑k
i=1 ri 6 n− k − 1) = e ·H∗(G2k(R2n)) is proved in (3). Similarly, we get the
identifications for e¯ ·H∗(G2k(R2n)).

The detailed discussion of e× and e¯× between the eigenspaces of ρ∗ gives:
Corollary 6.25 (Ordinary characteristic basis of G˜2k(R2n)). The ordinary cohomology of G˜2k(R2n) is generated
by Pontryagin classes and Euler classes with an additive basis {pr11 pr22 · · · prkk |
∑k
i=1 ri 6 n − k} for the +1-
eigenspace of ρ∗ and {e · p¯r11 p¯r22 · · · p¯rn−k−1n−k−1 |
∑n−k−1
i=1 ri 6 k} ∪ {e¯ · pr11 pr22 · · · prk−1k−1 |
∑k−1
i=1 ri 6 n − k} for the
−1-eigenspace.
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Remark 6.26. Using the various identifications of e ·H∗(G2k(R2n)) and e¯ ·H∗(G2k(R2n)) in Theorem 6.24, we
can also give the additive basis of G˜2k(R2n) in other forms.
Corollary 6.27. The Poincare´ series of G˜2k(R2n) are
PG˜2k(R2n)(t) = PG2k(R2n)(t) + t
2kPG2k(R2n−2)(t) + t
2n−2kPG2k−2(R2n−2)(t)
= PGk(Cn)(t
2) + t2kPGk(Cn−1)(t
2) + t2n−2kPGk−1(Cn−1)(t
2).
Proof. Notice that the −1-eigenbasis {e · p¯r11 p¯r22 · · · p¯rn−k−1n−k−1 |
∑n−k−1
i=1 ri 6 k} ∪ {e¯ · pr11 pr22 · · · prk−1k−1 |
∑k−1
i=1 ri 6
n − k} has factors {p¯r11 p¯r22 · · · p¯rn−k−1n−k−1 |
∑n−k−1
i=1 ri 6 k} and {pr11 pr22 · · · prk−1k−1 |
∑k−1
i=1 ri 6 n − k} which also
appear as the additive basis of H∗(G2k(R2n−2)) and H∗(G2k−2(R2n−2)) respectively. 
Remark 6.28. The Poincare´ series of even dimensional oriented Grassmannians G˜2k(R2n), G˜2k(R2n+1), G˜2k+1(R2n+1)
were already computed by H. Cartan [Car50].
Theorem 6.29 (Ordinary Leray-Borel description of G˜2k(R2n)). The ordinary cohomology of G˜2k(R2n) is a
ring extension of the ordinary cohomology of G2k(R2n):
H∗(G˜2k(R2n)) ∼= H
∗(G2k(R2n))[e, e¯]
e2 = pk, e¯2 = p¯n−k, ee¯ = 0
∼= Q[p1, p2, . . . , pk; p¯1, p¯2, . . . , p¯n−k; e, e¯]
pp¯ = 1, e2 = pk, e¯2 = p¯n−k, ee¯ = 0
.
Proof. Consider the ring homomorphism
H∗(G2k(R2n))[e, e¯]
e2 = pk, e¯2 = p¯n−k, ee¯ = 0
−→ H∗(G˜2k(R2n))
which sends Pontryagin classes of G2k(R2n) to the corresponding Pontryagin classes of G˜2k(R2n) and sends the
abstract symbols e, e¯ to the actual Euler classes of the oriented canonical bundle and complementary bundle
over G˜2k(R2n). Since we have proved that H∗(G˜2k(R2n)) is generated by Pontryagin classes and Euler classes,
the above morphism is surjective. It is easy check that H∗(G2k(R2n))[e, e¯]/{e2 = pk, e¯2 = p¯n−k, ee¯ = 0}
also has the same additive basis {pr11 pr22 · · · prkk |
∑k
i=1 ri 6 n − k} ∪ {e · p¯r11 p¯r22 · · · p¯rn−k−1n−k−1 |
∑n−k−1
i=1 ri 6
k} ∪ {e¯ · pr11 pr22 · · · prk−1k−1 |
∑k−1
i=1 ri 6 n− k} as H∗(G˜2k(R2n)). Hence, we get a ring isomorphism. 
Since Tn acts on G˜2k(R2n) equivariantly formal, i.e. H∗T (G˜2k(R2n)) ∼= Q[α1, . . . , αn] ⊗Q H∗(G˜2k(R2n)) as
Q[α1, . . . , αn]-modules, we can lift the ordinary basis, characteristic classes and relations to be equivariant, then
obtain the equivariant versions of characteristic basis and Leray-Borel description:
Corollary 6.30 (Equivariant Leray-Borel description and characteristic basis of G˜2k(R2n)). The equivariant
cohomology of G˜2k(R2n) is a ring extension of the equivariant cohomology of G2k(R2n):
H∗T (G˜2k(R2n)) ∼=
H∗T (G2k(R2n))[eT , e¯T ]
(eT )2 = pTk , (e¯
T )2 = p¯Tn−k, eT e¯T =
∏n
i=1 αi
∼= Q[α1, α2, . . . , αn][p
T
1 , p
T
2 , . . . , p
T
k ; p¯
T
1 , p¯
T
2 , . . . , p¯
T
n−k; e
T , e¯T ]
pT p¯T =
∏n
i=1(1 + α
2
i ), (e
T )2 = pTk , (e¯
T )2 = p¯Tn−k, eT e¯T =
∏n
i=1 αi
with additive Q[α1, α2, . . . , αn]-basis {(pT1 )r1(pT2 )r2 · · · (pTk )rk |
∑k
i=1 ri 6 n−k} for the +1-eigenspace of ρ∗ and
{eT · (p¯T )r11 (p¯T )r22 · · · (p¯T )rn−k−1n−k−1 |
∑n−k−1
i=1 ri 6 k} ∪ {e¯T · (pT1 )r1(pT2 )r2 · · · (pTk−1)rk−1 |
∑k−1
i=1 ri 6 n− k} for the
−1-eigenspace.
Remark 6.31. The ordinary cohomology groups of G˜k(Rn) in Z coefficients for n 6 8 were computed by Jungkind
[Ju79]. The ordinary cohomology rings of G˜k(Rn) in R coefficients for k = 2 were computed by Shi&Zhou [SZ14].
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6.3.3. Characteristic numbers of orientable Grassmannians. All the oriented Grassmannians are canonically
oriented. Among the real Grassmannians, only G2k(R2n) and G2k+1(R2n+2) have nonzero top Betti numbers
and hence are orientable. We can integrate equivariant cohomology classes on these Grassmannians using the
Atiyah-Bott-Berline-Vergne(ABBV) localization formula 2.1. According to the additive Q[α1, . . . , αn]-module
structures of equivariant cohomology of theses Grassmannians, we shall need to understand the integration of
equivariant characteristic classes in various cases for any multi-index I = (i1, . . . , ik): (p
T )I , eT · (pT )I , e¯T ·
(pT )I , rT · (pT )I , r˜T · (pT )I .
The equivariant Pontryagin classes of canonical bundles, complementary bundles and tangent bundles are
given in Prop 5.21. The equivariant Euler classes of canonical bundles and complementary bundles are given
in Subsubsection 6.2.1. The rT , r˜T are given in Theorem 5.13 and Prop 6.10. In order to apply the ABBV
formula, we need a localized expression for the equivariant Euler class of normal bundle at each fixed point or
fixed circle.
Proposition 6.32. Let S be a k-element subset of {1, . . . , n}, the equivariant Euler class of normal bundle at
a fixed point or fixed circle associated to S, S± is
(1) For G2k(R2n), G˜2k(R2n),
eNS± = e
N
S =
∏
i∈S
∏
j 6∈S
(α2j − α2i ).
(2) For G˜2k(R2n+1),
eNS± = ±
∏
l∈S
αl
∏
i∈S
∏
j 6∈S
(α2j − α2i ).
(3) For G˜2k+1(R2n+1),
eNS± = ±
∏
l 6∈S
αl
∏
i∈S
∏
j 6∈S
(α2j − α2i ).
(4) For G2k+1(R2n+1), G˜2k+1(R2n+1),
eNS =
n∏
l=1
αl
∏
i∈S
∏
j 6∈S
(α2j − α2i ).
Proof. The tangent spaces with weight decomposition at each fixed point or fixed circle of real Grassmannians
(hence also oriented Grassmannians) are given in Subsubsection 5.1.2, therefore we get the equivariant Euler
classes of normal bundles up to signs as the expressions claimed in current Proposition. To resolve the sign
ambiguity, we just need to note that the claimed expressions are invariant under the Weyl groups of the oriented
Grassmannians as homogeneous spaces G/H, and also invariant under the deck transformation ρ∗. 
Next, we will compute and relate equivariant characteristic numbers of different Grassmannians.
Theorem 6.33 (Equivariant characteristic numbers of real&oriented Grassmannians). Let I = (i1, . . . , ik) be
a multi-index and S be the collection of all k-element subsets of {1, . . . , n}, then∫
G˜2k(R2n)
(pT )I =
∫
G˜2k(R2n+1)
eT · (pT )I =
∫
G˜2k+1(R2n+1)
e¯T · (pT )I
=2
∫
G2k(R2n)
(pT )I = 2
∫
G2k+1(R2n+2)
rT · (pT )I = 2
∫
G˜2k+1(R2n+2)
r˜T · (pT )I
=2
∑
S∈S
(
(pT1 )
i1 · · · (pTk )ik
)|S∏
i∈S
∏
j 6∈S(α
2
j − α2i )
.
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Proof. When applying the ABBV localization formula 2.1, besides the localized Pontryagin classes, we just need
to observe that for G2k(R2n), G˜2k(R2n), G˜2k(R2n+1) and G˜2k+1(R2n+1), they respectively have
eTS
eNS
=
1∏
i∈S
∏
j 6∈S(α
2
j − α2i )
eTS±
eNS±
=
1∏
i∈S
∏
j 6∈S(α
2
j − α2i )
eTS±
eNS±
=
±∏l∈S αl
±∏l∈S αl∏i∈S∏j 6∈S(α2j − α2i ) e¯
T
S±
eNS±
=
±∏l 6∈S αl
±∏l 6∈S αl∏i∈S∏j 6∈S(α2j − α2i )
for G2k+1(R2n+2), G˜2k+1(R2n+2), they respectively have∫
rTS
eNS
=
∏n
l=1 αl
∫
S1
θS1∏n
l=1 αl
∏
i∈S
∏
j 6∈S(α
2
j − α2i )
∫
r˜TS
eNS
=
∏n
l=1 αl
∫
RP 1 θRP 1∏n
l=1 αl
∏
i∈S
∏
j 6∈S(α
2
j − α2i )
.
All these fractions are equal to 1∏
i∈S
∏
j 6∈S(α
2
j−α2i ) . The difference by factor of 2 comes from the fact that
G˜2k(R2n), G˜2k(R2n+1) and G˜2k+1(R2n+1) have fixed points indexed by S±, while G2k(R2n), G2k+1(R2n+2) and
G˜2k+1(R2n+2) have fixed points or circles indexed by S. 
Remark 6.34. When the cohomological degree of a characteristic polynomial matches with the dimension of
a Grassmannian, or equivalently
∑k
j=1 j · ij = k(n − k), then the equivariant characteristic number will be a
constant, i.e. an ordinary characteristic number. Moreover, we then get a formula of the ordinary characteristic
numbers by substituting any αi = ai ∈ R such that ai 6= 0, ai 6= ±aj into the localized expression of ABBV
formula. For instance, we can choose αi = i,∀i, or αi =
√
i,∀i. Moreover, we have the relations between
ordinary Pontryagin characteristic numbers:∫
G˜2k(R2n)
pI =
∫
G˜2k(R2n+1)
e · pI =
∫
G˜2k+1(R2n+1)
e¯ · pI
=2
∫
G2k(R2n)
pI = 2
∫
G2k+1(R2n+2)
r · pI = 2
∫
G˜2k+1(R2n+2)
r˜ · pI .
Remark 6.35. Recall that localized equivariant Pontryagin class can be obtained from localized equivariant
Chern class by replacing αi with α
2
i . Let Sq : Q[α1, . . . , αn] be the ring homomorphism by sending αi to α2i for
every i. Then we have ∫
G2k(R2n)
(pT )I = Sq
( ∫
Gk(Cn)
(cT )I
)
.
Since the ring homomorphism Sq keeps rational numbers unchanged, we have the relation of ordinary Pontryagin
numbers and Chern numbers ∫
G2k(R2n)
pI =
∫
Gk(Cn)
cI =
∑
S∈S
ei11 (S) · · · eikk (S)∏
i∈S
∏
j 6∈S(j − i)
where the second identity is given in Cor 4.13.
Remark 6.36. Consider the 2-covers of orientable Grassmannians pi : G˜2k(R2n)→ G2k(R2n) and pi : G˜2k+1(R2n+2)→
G2k+1(R2n+2). By the naturality of equivariant Pontryagin classes and the above relations among equivariant
characteristic numbers, we see∫
G˜2k(R2n)
pi∗
(
(pT )I
)
=
∫
G˜2k(R2n)
(pT )I = 2
∫
G2k(R2n)
(pT )I .
From Prop 6.11, we have pi∗rT = 2r˜T , then∫
G˜2k+1(R2n+2)
pi∗
(
rT · (pT )I) = 2∫
G˜2k+1(R2n+2)
r˜T · (pT )I = 2
∫
G2k+1(R2n+2)
rT · (pT )I .
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